
978-1-5386-0446-5/17/$31.00 © 2017 IEEE                                  1 

 

Reliable Compressive Sensing (CS)-based Multi-User 

Detection with Power-based Zadoff-Chu Sequence Design 
 

Chieh-Fang Teng 1, Ching-Chun Liao 2, Hung-Yi Cheng 2, An-Yeu (Andy) Wu 2, Fellow, IEEE 
1 Department of Electrical Engineering, National Taiwan University, Taipei, Taiwan 

2 Graduate Institute of Electrical Engineering, National Taiwan University, Taipei, Taiwan  

{jeff, cliao, woody, andywu}@access.ee.ntu.edu.tw 

 
Abstract—Internet-of-Things (IoT) applications grew rapidly 

in recent years. Deployment of massive machine-type 

communication (mMTC) with scalability and reliability becomes 

a challenging issue. The feature of activity sparsity in mMTC 

devices makes room for us to efficiently handle detection by 

compressive sensing (CS)-based multi-user detection (CS-MUD). 

However, the limited resource, such as the design of spreading 

sequences for massive devices, makes CS-MUD in mMTC 

congested and collided. Thus, non-orthogonal multiple access 

(NOMA) attracts attention in mMTC. Despite NOMA can 

accommodate more devices, the non-orthogonality makes the 

performance degradation. In this paper, we take advantage of 

NOMA to generate more set of sequences by Zadoff-Chu (ZC) 

sequence which the bit-error-rate (BER) is reduced by two 

orders. Meanwhile, by considering the channel characteristic and 

received power of devices, these devices are grouped to make a 

more reliable mMTC system which eliminates the effect of non-

orthogonality and improves the BER by 1.7 times with 128 

devices. Thus, the proposed ZC sequence design with power-

based grouping scheme can greatly improve the device scalability 

and reliability of the detection process for uplink multi-user 

problems that provides a potential solution in mMTC scenarios. 
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I. INTRODUCTION 

 In the era of Internet-of-Things (IoT), machine-to-machine 
(M2M) communications have a wide range of applications in 
many scenarios, such as automated factory, intelligent hospital 
and smart home. The number of machine-type communication 
(MTC) devices is expected to expand from thousands to 
millions. This is known as massive MTC (mMTC) defined by 
3GPP specifications [1]. Most MTC devices are simple and 
cheap sensors and actuators with low data processing capability. 
Thus, devices need to transmit data to aggregator for further 
processing and analyzing. Such process that multiple devices 
depend on a single aggregator is so called multi-user detection 
(MUD). Since the aggregator is expected to accommodate a 
massive number of mMTC devices, the limited resource, such 
as orthogonal spreading sequences, makes the system in 
mMTC congested and collided. Thus, scalability and reliability 
become challenging issues. 

The feature of activity sparsity has been exploited in many 
works [2]-[5], which is the key feature to improve the 
scalability of the system. Because there are only a small 
percentage of devices being active simultaneously, 

compressive sensing-based solution was proposed. In [2]-[4], 
both single measurement vector compressive sensing (SMV-
CS) and multiple measurement vector compressive sensing 
(MMV-CS) model show that CS-MUD can jointly detect the 
activity and transmitted data of device with shorter sequences, 
and achieve good performance compared with traditional 
approach. Furthermore, MMV-CS can efficiently reduce the 
sampling matrix size as well as the computation time. However, 
limited resource and hardware cost make CS-MUD in mMTC 
congested and the frequent collision makes the system 
unreliable. In [5], the authors presented a new scheme by 
spreading packets with multiple spreading sequences, which 
can support more devices. 

However, aforementioned designs with orthogonal-based 
sequences cannot keep up with the speed of devices growth. 
Therefore, non-orthogonal multiple access (NOMA) [6] have 
attracted attention as a possible solution to manage these 
massive devices [7]. With sequences in complex domain and 
the feature of non-orthogonality, Zadoff-Chu (ZC) sequence 
[8], largely exploited in LTE, can generate more spreading 
sequences. Instead of collision in previous sequences, replaced 
ZC sequences makes the detection still distinguishable due to 
the lower correlation among the sequences. 

In this paper, we propose a new ZC sequence design in CS-
MUD with power-based grouping scheme. It takes advantage 
of NOMA to generate more set of sequences as shown in Fig. 
1(b). Meanwhile, by considering the channel characteristic and 
received power of devices, these devices are grouped to make 
the system more reliable. The following results have been 
accomplished: 

 Compared with traditional sequence design, the proposed 
ZC sequence design can generate more set of sequences 
and the BER is reduced by two orders for 128 devices. 

 
Fig. 1. The transmission process of signals (a) traditional PN sequence, and 

(b) proposed ZC sequence design with power-based grouping scheme. 
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 The proposed power-based grouping scheme leverages the 
feature of coherence in CS to eliminate the effect of non-
orthogonality and the BER is reduced by 1.7 times. 

The remainder of this paper is organized as follows: 
Section II briefly introduces the background of CS-MUD. 
Section III presents the proposed ZC sequence design with 
power-based grouping scheme. Section IV shows the 
experimental results and analysis. Finally, we conclude this 
paper in Section V. 

II. BACKGROUND 

A. System Model  

The origin transmission process is illustrated in Fig. 1(a). 
First, in IoT scenario, a small number of active devices from a 
total of 𝐾 devices are set to respectively transmit a frame of 
convolutionally-encoded binary bits. The encoded binary bits 
will be mapped to binary phase-shift-keying (BPSK) 
constellation. On the other hand, inactive devices transmit 
frames with all-zeros value. Then, all transmitted frames are 
spread by bipolar-valued pseudo-noise (PN) spreading 
sequences before transmitted through the wireless channel. The 
superposition of these signals transmitted to channels and 
received at aggregator can be expressed as: 

𝐲 = ∑ 𝐇𝒌𝐒𝒌𝐱𝒌 + 𝐧𝐾
𝑘=1 , (1) 

where 𝐱𝒌  is the encoded and modulated frame of the k-th 
device, 𝐧~𝒩(0, 𝜎𝑛

2)  is the additive white Gaussian noise 
(AWGN). 𝐒𝒌 and 𝐇𝒌 is the corresponding spreading matrix and 
frequency selective channel matrix respectively. 

B. Complex Spreading Code Design  

In traditional code division multiple access (CDMA) 
system, the longer PN spreading sequences are used to 
distinguish the increased devices and deal with high 
overloading. However, the longer spreading sequences would 
lead to higher processing complexity and transmission latency. 

In the mMTC scenario, the number of MTC devices is far 
larger than the available resources, number of sequences, 
devices would be allocated the same sequences as shown in Fig. 
2(b). However, if more than one device using the same 
resources are active, the big correlation would make them 
unrecognized and lead to severe collision that degrade the 
system reliability. Thus, by exploiting the design of spreading 
sequences, [9] proposed a non-orthogonal transmission scheme 
to reduce complexity and latency. The complex spreading code 
with short length was proposed due to the design freedom of 
both real part and imaginary part as shown in Fig. 3(b). 
Compared with the traditional bipolar-valued spreading code in 
Fig. 3(a), this method can generate more set of different 
spreading codes under the same length. 

C. Multiple Measurement Vector Compressive Sensing-Based 

Multi-User Detection (MMV-CS-MUD) [4] 

The IoT applications are expected to have the characteristic 
of activity sparsity. Thus, the length of spreading sequences 𝑁𝑠 
can be less than or equal to the number of device K and the 
required resource will not rise drastically. Meanwhile, MUD 
becomes an underdetermined problem. The feature of activity 
sparsity leaves room for us to utilize the technique of 

compressive sensing (CS), which can reconstruct the sparse 
signals in underdetermined model. Using the activity in entire 
frame, multiple measurement vector-based CS (MMV-CS) is 
proposed in [4] which efficiently reduces the sampling matrix 
size. The model can be depict as: 

𝐘 = 𝐀𝐗 + 𝐍, (2) 

and shown in Fig. 2(a) where 𝐀 is the sampling matrix in CS 
and takes the following forms: 

𝐀𝑴×𝑲 = [

𝒂𝟏,𝟏  𝒂𝟐,𝟏

𝒂𝟏,𝟐  𝒂𝟐,𝟐
⋯

𝒂𝑲,𝟏

𝒂𝑲,𝟐

⋮       ⋮ ⋱ ⋮
𝒂𝟏,𝑴 𝒂𝟐,𝑴 ⋯ 𝒂𝑲,𝑴

], (3) 

where 𝐚𝑲 = [𝑎𝐾,1, 𝑎𝐾,2, … , 𝑎𝐾,𝑀]
𝑻

is the convolution of  

channel vector 𝒉𝒌  and spreading vector 𝒔𝒌 . Also, 𝑀 = 𝑁𝑠 +
𝐿ℎ − 1 where 𝑁𝑠 is the length of spreading sequence and 𝐿ℎ is 
the channel tap number. The composition of sampling matrix 𝐀 
and the more clear description of correlation property between 

 
 

Fig. 2. Original MMV model with PN sequence design: (a) MMV model, (b) 

composition of sampling matrix 𝐀, and (c) correlation between PN sequences 
of Device 1 and that of all devices’. 

 

 
 

(a) (b) 

 
Fig. 3. Elements of spreading codes: (a) original bipolar-valued, and (b) 

proposed complex-valued in [9]. 
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spreading vectors 𝒔𝒌  are shown in Fig. 2(a) and Fig. 2(b) 
respectively. In this case, the number of devices is 128 and 
sequence length is 32 which is in overloading. Apparently, the 
high correlation between the repeated spreading vector 𝒔𝒌  is 
the problem needed to be solved which leads to severe collision 
and degrades the system reliability. 

After the aggregator receives the signal, the goal of CS is to 
solve problem expressed below: 

min
𝐗∈𝕽𝑲×𝑳

‖𝐗‖0 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐘 = 𝚿𝐗 + 𝐍, (4) 

where ‖𝐗‖0 is the 𝑙0-norm of signal 𝐗. We can apply CS based 
method to detect the activity and transmitted data jointly. 
Simultaneous orthogonal matching pursuit (SOMP) algorithm 
[4] which is an algorithm for MMV-CS model to handle matrix 
𝐗 with same support locations, as shown in Algorithm 1. After 
CS reconstruction, the estimated result is de-mapped according 
to the constellation and decoded by the decoder. 

III. ZADOFF-CHU SEQUENCE DESIGN WITH POWER-BASED 

GROUPING SCHEME 

A. MMV-CS with Zadoff-Chu Sequence Design 

To deal with the problem of resource constrained in MMV-
CS and to eliminate the high correlation shown in Fig. 2(b), 
MMV with specific ZC sequence design is exploited in our 
scheme to replace original bipolar-valued PN spreading 
sequences. In [8], ZC sequences are expressed as: 

 𝑧𝑟[𝑛] ≜ 𝑒𝑥𝑝(−𝑗𝜋𝑟𝑛(𝑛 + 1) 𝑁𝑍𝐶⁄ ), (5) 

where 𝑛 = 0,1, … , 𝑁𝑍𝐶 − 1 . 𝑁𝑍𝐶  is the sequence length and 

𝑟 ∈ {1, … , 𝑁𝑍𝐶 − 1}  is the root index. Spreading sequences 

can be generated by cyclically shifting the sequence by a 

factor of cyclic shift size 𝑁𝐶𝑆. 

𝑁𝐶𝑆(𝑑) ≜ ⌈(20𝑑 3⁄ + 𝜏𝑑𝑠) × (𝑁𝑍𝐶 𝑇𝑆𝐸𝑄⁄ )⌉ + 𝑛𝑔, (6) 

where 𝑑 , 𝜏𝑑𝑠 , 𝑇𝑆𝐸𝑄 , and 𝑛𝑔  denote the cell radius (km), the 

maximum delay spread (𝜇s), the duration (𝜇s) of ZC sequence, 
and the number of additional guard samples. With the cyclic 
shift offset, the sequences guarantee the orthogonality 
regardless of the delay spread and time uncertainty of the non-
synchronized devices. 

The proposed scheme is illustrated in Fig. 4(b). Compared 
with PN sequences, ZC sequences have two following special 
properties that can be used to generate more spreading 
sequences under the same radio resources. 

1. Ideal cyclic autocorrelation: ideal cyclic autocorrelation 
means the magnitude of the cyclic correlation with the same 
root index is a delta function.  

|𝑐𝑟𝑟[𝜎]| = |∑ 𝑧𝑟[𝑛]𝑧𝑟
∗[𝑛 + 𝜎]𝑁𝑍𝐶−1

0 | = 𝑁𝑍𝐶 ∙ 𝛿[𝜎], (7) 

where 𝜎 and (∙)∗ denote lag and complex conjugate. Thus, 
the ZC sequences with the same root index can be easily 
distinguished due to the property of orthogonal.  
 

2. Cyclic cross-correlation: it descripts the magnitude of the 
cyclic correlation with different root indices, 𝑟  and 𝑙 , is  
constant.  

|𝐶𝑟𝑙[𝜎]| = |∑ 𝑧𝑟[𝑛]𝑧𝑙
∗[𝑛 + 𝜎]𝑁𝑧𝑐−1

𝑛=0 | = √𝑁𝑍𝐶, (8) 

where 𝑟 ≠ 𝑙. Thus, the maximum correlation magnitude of 
ZC sequences with different root indices is the square root 
of sequence length.  

The properties of ZC sequences are illustrated clearly in Fig. 
4(b). The sequence length 𝑁𝑍𝐶  is set to 31 and the number of 
devices is 128. The magnitude is the cyclic correlation between 
the first sequence and the others. By applying ZC sequences, 
the number of spreading sequences can increase 𝑁𝑧𝑐 times with 
a lower correlation compared with original repeat method of 
PN sequence shown in Fig. 2(b). Instead of collision with two 
devices in the repeated PN sequence, in our proposed ZC 
sequence design, the cross-correlation between two sequences 

can be reduced to √𝑁𝑍𝐶  which makes the detection still 

distinguishable and improves the accuracy of MUD. 

B. MMV-CS with Power-Based Grouping Scheme 

Despite of the correlation between two ZC sequences with 
different root indices is low enough, it still affects the 

Algorithm 1 Simultaneous Orthogonal Matching Pursuit 

(SOMP) 

Λ0 = ∅, Λ0 = {1, 2, … , 𝐾}, 𝑙 = 0, 𝐑𝟎 = 𝐘 

repeat 

     𝑙 = 𝑙 + 1 

    𝜆𝑙 = argmax
𝑖

∑ |(𝐀𝑻𝐑𝑙−1)𝑖,𝑘|
𝑘∈Λ𝑙−1

 

    Λ𝑙 = Λ𝑙−1 ∪ {𝜆𝑙}; Λ𝑙 = Λ𝑙−1 − {𝜆𝑙} 

    𝐗𝑙 = argmin
𝐱

‖𝐀Λ𝑙
𝐗 − 𝐘‖

𝐹
  (Frobenius Norm) 

    𝐑𝒍 = 𝐘 − 𝐀Λ𝑙
𝐗𝑙  

until 𝑙 = max < 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎𝑠𝑡𝑜𝑝 , 𝐾 > 

 

 
 
Fig. 4. Proposed MMV model with ZC sequence design: (a) composition of 

revised sampling matrix 𝐀  with ZC sequence matrix, and (b) correlation 

between ZC sequences of Device 1 and that of all devices’. 
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correction of activity detection. Thus, based on MMV-CS with 
ZC sequence design, we want to further reduce the correlation 
between them and make the system more reliable. To increase 
the accuracy of activity detection, leveraging the feature of 
coherence in CS, the convolution of channel matrices and 
spreading matrices should be more distinguishable. In our work, 
we use each device’s received signal strength indication (RSSI) 
as an indicator of its channel characteristic, since the channel 
characteristic is directly related to RSSI (aka, received power).  

RSSI have been researched for many years. In [10], as long 
as there are three or three more known WiFi hotspots’ position 
detected by device, it can realize self-localization by the 
received signal strength from WiFi devices. The mainstream 
propagation model is logarithm distance path loss model which 
points out that the average received signal power decreases 
with the logarithm of distance. The model is expressed as: 

𝑃𝐿̅̅̅̅ (𝑑𝐵) = 𝑃𝐿̅̅̅̅ (𝑑0) − 10 × 𝜂 × log10(𝑑 𝑑0⁄ ), (9) 

where 𝑑0  is the reference distance and 𝜂  is the signal 
attenuation factor between 2 to 8 in different environments. 
Despite the indoor environment is usually only a few tens of 
meters, the range of received signal power is significantly wide 
enough for recognition as shown in Fig. 5. 

Directly applying ZC sequences still has its downfalls. The 
correlation between two ZC sequences lowers the accuracy of 
activity detection. Fortunately, the power of received signal can 
be applied to distinguish devices using different root indices of 
ZC sequences. Thus, we can achieve our goal to make the 
system more reliable. 

The pseudo-code of the proposed ZC sequence design with 
power-based grouping scheme is given in Algorithm 2. In order 
to better explain our idea, we give the generation process of 𝐀 
presented by (3) clearly, as illustrated in Fig. 6. Because of the 
use of ZC sequence, there exists correlation between 𝒔𝒊 and 𝒔𝒋 

which decreases the performance of activity detection. Now, by 
applying the received signal power, the difference between 𝒉𝒊 

and 𝒉𝒋  becomes significant which can helpfully reduce the 

correlation between them. Therefore, the correlation of the 
convolution result, 𝒉𝒊𝒔𝒊  and 𝒉𝒋𝒔𝒋 , is smaller than the origin 

which can make the system more reliable. 

Deeper into our proposed algorithm, 𝑟 is root index and set 
to 1 at the beginning. With the total 𝐾 devices, the spreading 
sequences for each device are assigned iteratively. In each 
iteration, the device with the biggest received power is picked 

out from the candidate pool Λ𝑖−1  and assign ZC sequence 
𝑧𝑟[𝑛] to the device as the spreading sequence. At the end of 
iteration, we cyclically shift the sequence by a factor of cyclic 
shift size 𝑁𝐶𝑆 and check the result to satisfy 𝑛 < 𝑁𝑍𝐶  or move 
to next root index. If the needed spreading sequences exceed 
the number that ZC sequences can generate, the root index 
should be reset to 1 and the whole procedure of grouping 
scheme is iteratively repeated. 

IV. EXPERIMENTAL RESULTS AND ANALYSIS 

A. Detection Performance under Varying Noise Interference 

The first experiment is to simulate the detection 
performance of MMV model with proposed scheme under 
different noise interference. The probability of activity is set as 
0.02 and the value of the signal-to-noise ratio (SNR) of the 
AWGN changes from -10dB to 15dB. The number of devices 
𝐾 is set to 128 and 256. The length of spreading sequence 𝑁𝑠 is 
set to 32 for PN sequence. In order to satisfy the requirement of 
ZC sequence, the length of ZC sequence is set to 31, which is 
the prime number close to 32. Both 128 and 256 devices use 
the same length sequence due to the resource would not grow 
up with the scaling up devices. The cyclic shift size is set to 3 
according to [8]. The simulation results are shown in Fig. 7.  

 We compare three different cases of sequence design:  
original PN sequences, replaced ZC sequence design, and ZC 
sequence design with power-based grouping scheme. As can be 

Algorithm 2 Zadoff-Chu sequence design with power-

based grouping scheme 

Λ0 = ∅,  Λ0 = {1,  2,  … ,  𝐾},  
𝑟 = 1, 𝑛 = 0, 𝑖 = 0, 𝐾: 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑜𝑡𝑎𝑙 𝑑𝑒𝑣𝑖𝑐𝑒𝑠 

𝑝𝑖 = 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑝𝑜𝑤𝑒𝑟 𝑜𝑓 𝑑𝑒𝑣𝑖𝑐𝑒𝑖 

while 𝑖 < 𝐾 

     𝑖 = 𝑖 + 1 

     𝜆𝑖 = argmax
𝑘

𝑝𝑘 with 𝑘 ∈ Λ𝑖−1 

     S𝜆𝑖
= 𝑧𝑟[𝑛] 

     Λ𝑖 = Λ𝑖−1 ∪ {𝜆𝑖};  Λ𝑖 = Λ𝑖−1 − {𝜆𝑖} 

     𝑛 = 𝑛 + 𝑁𝐶𝑆 

     𝑖𝑓 𝑛 ≥ 𝑁𝑍𝐶 

          𝑟 = 𝑟 + 1;  𝑛 = 0 

     𝑖𝑓 𝑟 ≥ 𝑁𝑍𝐶  

          𝑟 = 1;  𝑛 = 0 

end while 

 

 
Fig. 5. Indoor channel path loss model with 𝜂 = 3. 

 
Fig. 6. Proposed MMV with ZC sequence design and power-based grouping 

scheme (Different color depth in 𝒉 means the level of received power). 
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seen in Fig. 7, the performance gap of the proposed ZC 
sequence design with power-based grouping scheme becomes 
larger as SNR rises. Note that the BER is saturated due to the 
effect of inter-symbol-interference (ISI). When SNR greater 
than 10 dB, the proposed scheme is about 46 times and 10 
times improvement at 128 and 256 devices respectively. Also, 
the power-based grouping scheme is 1.7 times and 1.5 times 
better than ZC sequence scheme which demonstrates that the 
system is more reliable under our scheme. 

B. Detection Performance under Varying Device Density 

Furthermore, we simulate the effect of activity sparsity on 
detection performance. The SNR is set to 10dB and the activity 
is set from 0.01 to 0.10. All the other parameters are kept the 
same as given in the previous experiment.  

The simulation results are shown in Fig. 8. As the density 
of active device rises, the error rate also increases. The result 
meets the characteristic of CS due to the rising of the 
probability of activity means that the poorer of sparsity and 
makes the recovery performance degradation. When the 
probability of activity is small, the proposed ZC sequence 
design with power-based grouping scheme improves the BER 
by 138 times and 35 times at 128 and 256 devices respectively. 
And the power-based grouping scheme is both 1.5 times better 
than ZC sequence scheme. The comparison of original PN 
sequence scheme with the ZC sequence scheme is presented in 
TABLE 1. 

V. CONCLUSIONS 

In this work, we proposed ZC sequence design with power-
based grouping scheme to exploit the feature of NOMA to 
generate more set of spreading sequences. Meanwhile, by 
considering the channel characteristic and received power of 
devices, we group these devices to make the system more 
reliable. From the experimental results and analysis, the 
proposed scheme can greatly improve the BER. Thus, the 
proposed ZC sequence design is very suitable for the emerging 
mMTC applications, in which scalability and reliability are of 
great concern. 
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Fig 8. Detection performance versus varying activity probability. 

 

TABLE 1. Comparison between different CS-MUD schemes. 
 

Sequence Design in CS-MUD 
Detection 

Performance 
Reliability 

MMV with PN sequence Low Low 

MMV with ZC sequence design Better Better 

Proposed MMV with ZC sequence 

design and power-based grouping 
Best Best 

 

 
Fig. 7. Detection performance versus varying signal-to-noise ratio. 

 


