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Abstract-Millimeter wave (mmWave) communication system 
provides large unlicensed spectrum which helps to achieve huge 
capacity leap in the next-generation wireless system. The capacity 
is further improved by precoding technique in multiple-input-
multiple-output (MIMO) transmission systems. Although the 
adoption of large antenna arrays in mmWave transceivers 
mitigates the huge path loss, it also increases hardware 
complexity of traditional digital precoding scheme. Hybrid 
precoding scheme, where signal is pre-processed in both analog 
and digital domains, is recently proposed to reduce the hardware 
cost. In this paper, an orthogonal beamforming codebook for 
two-dimensional (2D) channel environment is proposed to 
eliminate the efforts of searching for angle of departure (AoD). 
Then, by exploiting the orthogonality between beamforming 
vectors, a low-complexity algorithm of reconstructing hybrid 
precoder is proposed. Simulation results show that the proposed 
algorithm requires only 32% of complex multiplications 
compared with state-of-the-art approach, while suffering from 
less than 5% of performance loss. 

Keywords—MIMO, beamfroming, hybrid precoding, millimeter 
wave communication. 

I. INTRODUCTION 
Because the ever-increasing demands for mobile traffic 

from personal mobile devices, the next-generation wireless 
system is expected to support orders of more capacity than 
nowadays standards [1]. Plenty of methods have been put forth 
to achieve this goal [2], [3]. One of the promising techniques is 
to support millimeter wave (mmWave) multiple-input-
multiple-output (MIMO) transmission and leverage the large 
unlicensed spectrum in 30-300 GHz bands. Therefore, it has 
drawn great research attentions these days. 

Because of small wavelength of mmWave, tens-to-
hundreds of antennas can be packed at the transceiver and 
massive MIMO system can be constructed. Due to expensive 
hardware cost of RF chains, traditional full-baseband (digital) 
precoding/combining structure, where every antenna is linked 
to a RF chain, becomes less feasible. To deal with this 
complexity issue, a hybrid structure where both baseband and 
analog front-end circuits jointly process the transmit/receive 
signals is proposed [4], [5]. This method leverages the spatially 
sparse characteristic of mmWave propagation and limits the 
number of RF chains to less than the scattering path number in 
the channel. Thus, the reduced number of RF chains is in favor 
of practical implementations of mmWave-based MIMO 

transceivers. However, the challenges of precoding/combining 
signals for hybrid beamforming systems are considerably 
different from those of full-digital ones. It requires 
decomposing traditional full-digital matrices, such as dominant 
right singular vectors and MMSE combiner associated with the 
channel matrix, into jointly RF/baseband two-staged 
precoding/combining [5]. The design problem is formulated as 
a sparse signal reconstruction problem and then solved 
approximately through the use of simultaneous orthogonal 
matching pursuit (SOMP) algorithm. In view of high 
computational complexity from pseudo-inverse process and 
iterative selection of beamforming basis in SOMP algorithm, 
the authors of [6] proposed an improved method to reduce the 
efforts by iteratively updating the least square solution and 
parallel selecting the basis vectors without sacrificing the 
performance while compared with the SOMP-based algorithm. 

In this paper, we develop a low-complexity reconstruction 
algorithm with focus on further reducing the computational 
complexity by avoiding matrix inversion based on the proposed 
orthogonal beamforming codebook. The major contributions of 
this paper are  

 Propose an orthogonal beamforming candidate matrix, 
which consists of candidate beamforming vectors for 
phase shifter arrays. No searching effort for AoDs is 
required compared to traditional candidate matrix. 

 Derivation of an algorithm making use of the 
orthogonality of the candidate matrix in hybrid 
reconstruction algorithm to omit the pseudo-inverse 
operations. 

 The paper is organized as follows. Section II covers the 
introduction to mmWave MIMO hybrid precoding/combining 
system and related reconstruction algorithms. Section III first 
introduces the orthogonal beamforming candidate matrix and 
then puts forth the low complexity reconstruction algorithm. 
Section IV compares the reconstruction performance and 
computational complexity of various methods. 

II. SYSTEM MODEL 

A.  Millimeter Wave Channel Model 
 We use following notations for signal modeling and 
algorithm development.  is a matrix,  is a vector,  is a 
scalar; and  is a set.  and  are the Frobenius norm 
and the determinant of .  is its trace. [ ] denotes 
horizontal concatenation.  or  is the submatrix of 
matrix  with index sets  and .  or  is the th 
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column of matrix . The superscripts T
, 

 H
,  and  -1

 denote the 
transpose, conjugate transpose and inverse, respectively. 

 is a vector composed of diagonal elements of ; 
 is a complex Gaussian vector with mean  and 

covariance matrix .  denotes an  idendity matrix. 
We consider 2D channel which is modeled by adopting a 

widely accepted geometric mmWave channel model based on 
the extended Saleh Valenzuela model [7] with  scatters 

(1) 

where  and  are the number of transmit and receive 
antennas,  is the number of clusters in the channel,  and  
correspond to the azimuth angles of departure and arrival  of 
the lth cluster respectively and  is the complex 
gain of the lth cluster. The function  and  denote 
the directional antenna gain of transmit and receive antennas 
for the lth path, and each has the form  

 (2) 

where unity gain is assumed over the sector . 
The array response vectors  and  are related to 
the AoD and AoA of lth cluster in only azimuth directions. 
This study considers directional antenna at transmitter with 

 and omni-directional antenna at the receiver. 
An N-elements uniform linear array (ULA) is used, in this 
case, and the array response vector is  

(3) 

where  and  stand for the antenna spacing and the signal 
wavelength respectively. 
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Fig. 1. System model of the hybrid precoder design 
 

A single user mmWave MIMO system with hybrid 
structure is shown in Fig. 1. The transmitter and receiver are 
equipped with  transmit and  receive antennas 
respectively, sending independent data streams. The 
precoder at the transmitter is split into a  digital 
baseband precoder concatenated by  RF chains such that  

  for multi-stream transmission. A  RF 
precoder is implemented through an array of analog phase 
shifters with constant norm. Thus equal norm constraint is set 
to elements of . The parallel structure is also applied to 
combiner. Baseband precoder/combiner ( / ), on the 
other hand, allows adjusting the phase and amplitude of the 
transmitted signals. The transmit signal  pre-processed by 
hybrid precoder ( ) is expressed as 

(4) 

where  is   symbol vector. For received signal post-
processed by the hybrid combiner ( ), it is 
expressed as  

(5) 

where  is the  RF combiner with constant norm  
entries, and  is the  unconstrained baseband 
combiner,  denotes the average signal power of the received 
signal and , is the noise vector modeled as 

. 
The goal is to jointly design to maximize the 

achieved data rate [4], [5], and the problem is formulated as  

 
 

 

 (6) 

where  is the optimal precoder composed of  
right singular vectors H associated with the largest  
eigenvalues acquired by performing SVD on H.  is a 

 candidate matrix where the  array response vectors are 
chosen from. 
 
B. Related Work 

To minimize the Frobenius norm between optimal 
precoder and hybrid precoder, [4] uses SOMP algorithm to 
reconstruct two-staged hybrid precoder. Because the right 
singular vectors can be expressed by linear combination of 
array response vectors associated with AoDs, a  matrix 

 is chosen as candidate 
matrix for optimization problems with sparsity constraint. 
However, matrix inversion calculation and the variant column 
size of  and searching overhead for AoDs make 
SOMP not suitable for hardware implementation. Note that the 
matrix inversion of an  matrix has a complexity of 
O(N3). 

To reduce hardware complexity, [6] proposed parallel-
Index Selection-Matrix-Inversion-Bypass SOMP (PIS-MIB-
SOMP) which simplifies matrix inversion process of step 7 in 
Algoithm1 through iterative updating method. The complexity 
for the matrix inversion is reduced from O(N3) to O(N2) 
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Algorithm 1 :  Precoding Reconstruction Using SOMP 
 

 
 
However, PIS-MIB-SOMP with  degree of parallelism 

requires calculating matrix inverse with size  during 
each iteration. The computational complexity of this step will 
increase as  increases, and therefore the degree of 
parallelism  cannot be large for hardware implementation.  

III. PROPOSED LOW-COMPLEXITY                                             
HYBRID PRECODING METHOD 

From the observation of Algorithm 1, the function of 
matrix inversion is to eliminate correlated components from 
other columns of highly correlated . Therefore, if 
candidate matrix can be set orthogonal, matrix inversion can 
be completely avoided. In the following paragraphs we 
propose an orthogonal candidate matrix for sparse 
optimization problem and a low complexity reconstruction 
algorithm avoiding calculating inverse matrix. 

A. Proposed Orthogonal Beamforming Codebook  
 SOMP adopts  as the candidate matrix for 
reconstruction algorithm. However, it is highly correlated and 
it must calculate least square solution to eliminate the 
correlated components. Besides, information about AoDs may 
be unavailable in real world application. To overcome the 
above difficulties, we use DFT matrix as orthogonal 
beamforming codebook whose columns consist of predefined 
beamforming vectors.  

 To exploit spatially sparse characteristic, [4] suggests that 
columns of  must be able to span all the right eigenvectors 
associated with channel . And the eigenvectors are spanned 
by  whose columns are array response vectors 
associated with AoD. Therefore, linear combinations of an 
eligible candidate matrix must be able to synthesize array 
response vectors associated with any direction. Based on the 
above properties, we propose using orthogonal  DFT 
matrix as candidate matrix. A column of DFT matrix, also a 
candidate array response vector of DFT codebook, has the form 

 

 (7) 

where  . It is well known that columns of  
are the basis of space spanned by array response vectors 
associated with any direction [8]. When weightings of phase 
shifters are selected from columns of  , transmitter is 
able to steer signals at  independent beamforming directions. 
Fig.2 shows two beams patterns when 16-elements ULA 
antennas is steered by  and  
respectively. 

  The orthogonal property means there is no correlation 
between its column vectors. Besides, the constant column size  
of DFT matrix is in favor of hardware implementation and 
selecting array response vectors from predefined codebook 
means no effort is made on finding AoDs. 

  
(a) (b) 

Fig. 2. RF Beam Patterns with ULA phase shifters steered by (a) first and (b) 
last DFT beamforming code. 

 

B. Proposed Low-Complexity Reconstruction Algorithm 
By exploiting the proposed orthogonal candidate matrix, 

the computational complexity of reconstruction algorithm can 
be greatly reduced. 

In algorithm 1, to find the  array response vectors in a 
candidate matrix and reconstruct the baseband precoder, first, 
the correlation matrix between optimal precoder and candidate 
matrix is calculated. The candidate beamforming vector which 
has maximum correlation power with optimal precoder is 
selected as one of the  columns of . The process is 
shown in steps 4 to 6 in algorithm 1. Because columns of 
candidate matrix, , are correlated, the residue matrix is 
updated by removing the components contributed by selected 
steering vectors before selecting next one. At last, the baseband 
precoder is reconstructed through computing the least square 
solution. This process is shown in steps 7 and 8 of algorithm 1. 

 However, when the candidate matrix is orthogonal, i.e. 
, the iterative process of finding the best  steering 

vectors can be finished parallel and the matrix inversion 
operation can be avoided. 

Based on the orthogonality of DFT matrix, the power 
spread at each beamforming direction is found parallel by 
calculating the correlation power between target precoder  
and the DFT codebook, similar to step 4 in algorithm 1, which 
can be expressed as   

(8) 
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where  is the correlation matrix. The power spread at certain 
beamforming direction is calculated through: 

(9) 

where  is a  vector with th entry equal to the energy 
spread of target precoder at the th beamforming direction of 
DFT codebook. Because contributions from each beamforming 
vector are uncorrelated, the  array response vectors are 
parallel found by selecting the  columns of DFT codebook: 

(10)

where  is the set of indexes corresponding to the largest  
elements of . No iterative process is needed anymore. 

When all the  array response vectors are found, the 
corresponding unconstraint baseband precoding matrix is 
found by calculating the least square solution, 

(11) 

Based on the orthogonality of DFT codebook again, the 
least square solution is reduced to simply selecting rows of 
correlation matrix associated with indexes set : 

  

 (12) 

In other words, the calculation of matrix inversion can be 
completely omitted by replacing correlated candidate matrix 
with orthogonal one.  

At the final step, the baseband precoder is normalized to 
have unity column norm as the target eigenvectors: 

(13)

The proposed algorithm for hybrid precoder under 
orthogonal candidate matrix is named Orthogonality based 
Matching Pursuit (OBMP) and is shown in Algorithm 2, 
where  stands for orthogonal candidate matrix. 

Algorithm 2: Precoding Reconstruction Using OBMP 

 

IV. PERFORMANCE EVALUATION 
In this section, we present numerical results demonstrating 

the performance analysis and computation complexity of the 
proposed algorithm. We will compare the reconstruction 
performance of proposed OBMP with aforementioned SOMP, 
and PIS-MIB-SOMP [6]. 

 
A. Performance Analysis  

As stated in the last section, OBMP must use orthogonal 
candidate matrix to conduct reconstruction. In the following 
simulations, first, all the algorithms will use DFT codebook as 
candidate matrix to perform reconstruction for fair comparison. 
Second, the codebook performance is analyzed by making 
OBMP use  and all the other algorithms use  
as candidate matrix to calculate hybrid precoders in order to 
examine the performance difference between two matrices. 

Fig. 3 shows the reconstruction performance comparison 
of OBMP, SOMP and PIS-MIB-SOMP using orthogonal 
candidate matrix with  =64,  =10, = , and 

=4. The spectrum efficiency can be expressed as follows: 

 

(14)

where  is the noise covariance 
matrix, and full-digital MMSE based combiner is adopted at 
the receiver. The figure suggests all the algorithms have the 
same performance. The result is intuitive because OBMP and 
PIS-MIB-SOMP aim at achieving the same function as SOMP 
with much lower complexity. Also, the overlapping lines 
suggest all schemes choose exactly the same array response 
vectors from DFT codebook. 

Fig. 4 shows the reconstruction performance comparison 
of OBMP adopting , while all the other reconstruction 
algorithms using  as candidate matrix with the other 
settings remain the same. The graph shows that there is 
performance loss when adopting  as candidate matrix. 

 
Fig. 3. Performance Comparison of SOMP, PIS-MIB-SOMP and OBMP 
using DFT matrix as candidate matrix 
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Fig. 4. Performance Comparison of SOMP, PIS-MIB-SOMP and SOMP using 

 and OBMP using DFT 
matrix as candidate matrix 

However, the DFT codebook performance can maintain less 
than 5% loss at every simulated SNR points. All the reported 
results are simulated over 3000 channel realizations. 

Table I shows the number of complex multiplications for 
variant computations. Note that in PIS-MIB-SOMP, a loop 
repeating  times and another loop repeating times 
are used for parallel selecting indexes set and updating least 
square solution [6]. However, by exploiting the orthogonality 
of candidate matrix, OBMP just selects the  most 
correlated beamforming codes at a time. Baseband precoding 
matrix is also selected from the correlation matrix. No other 
computation effort except calculating correlation matrix and 
its row power is needed. 

TABLE I  
Number of complex multiplications for each computation 

 
Computation PIS-MIB-SOMP [6] OBMP 

   

   

   

update    

update    

update    

update    

   

   

   

   

Fig. 5 compares the computational complexity of PIS-
MIB-SOMP and OBMP versus different number of 
transmitting antennas, . For better comparison and cross 
referencing, we follow the simulation settings in [6] which are 

,  and  Two degrees of 
parallelism of PIS-MIB-SOMP are included in the simulation. 
The graph shows proposed OBMP only requires about 27% 
and 32% of complex multiplications of PIS-MIB-SOMP with 
1 or 16 degree of parallelism, respectively, in a 128  128 
massive MIMO system .  

 
Fig. 5. Computational complexity versus data streams 

V. CONCLUSIONS 
This paper proposes DFT matrix as beamforming codebook 

for 2D channel environment and a low complexity 
reconstruction algorithm for computing hybrid precoder. The 
proposed DFT codebook suffers less than 5% of performance 
loss and saves the overhead of searching AoDs. The proposed 
algorithm avoids matrix inversion calculation based on the 
orthogonality of proposed codebooks and shows the same 
performance as SOMP and PIS-MIB-SOMP with greatly 
reduced computation efforts.  
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