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Abstract—Compressed sensing (CS) is an emerging field in 

data acquisition that measures signal below the Nyquist rate 
through sensing matrix. Random matrices have been regarded as 
optimal sensing matrices in CS but cost too much memory space. 
Structured matrices are then proposed to decrease memory cost 
by deterministic sensing. Nevertheless, the recovery suffers from 
severe degradation when using these structured matrices as 
sensing matrices for signals which are sparse under specific 
domain. In this paper, we propose two scramble methods to 
compensate the performance loss of structured matrices under 
alternative region of interest. The proposed predefined scramble 
matrix (PSM) method is able to match the guarantee region of 
recovery of Gaussian random matrices. The PSM method 
requires as much memory space as the structured matrices and 
has sub-optimal recovery performance. On the other hand, the 
proposed built-in location selection (BLS) method is able to 
approximate the whole region of recovery of Gaussian random 
matrices. The BLS method can achieve optimal recovery 
performance with some extra memory and logic cost than PSM 
method. Compared to 128 × 512 Gaussian sensing matrix, the 
PSM method and the BLS method can reduce 98.4% and 96% of 
the memory cost, respectively.  

Keywords—compressed sensing(CS), structured matrix, 
deterministic sensing matrix 

I.  INTRODUCTION 

Compressed sensing (CS) [1] is an emerging field that has 
drawn a great deal of attentions in recent years. CS theory 
asserts that one can recover signals and images from far fewer 
samples or measurements than the Nyquist rate if the signals 
are sparse in some domain. This result leads to more power-
efficient in signal sensing under the framework of CS. To 
reconstruct the sparse signal, CS lays the foundation of signal 
sparsity and sampling incoherence [1]. 

How to design the low coherence sensing matrix is an 
important issue. For success recovery, the product of the 
measurement matrix and the basis matrix should meet 
restricted isometry property (RIP). The bounds on RIP are 
based on the coherence of the matrix. Traditionally proposed 
random matrices, such as i.i.d Gaussian random matrix, satisfy 
the RIP and demonstrate a relatively low coherence [2]. 
However, under practical consideration, random matrices 
occupy too much memory space since the system must store all 
elements of the matrix to reconstruct the original signal. To 
decrease memory cost, the idea of structured sensing matrix 
such as Toeplitz and Circulant matrices are proposed [3]. 
Generally, they work well for input signals that are sparse in 

their respective domain (i.e. time domain). Nevertheless, if the 
input signal is only sparse in specific domain (i.e. frequency 
domain), the reconstruction based on structured matrices will 
suffer from severe performance degradation due to high 
coherence [4].  

The illustration of recovery performance of random sensing 
matrix and structured matrices are shown in Fig.1. Since 
orthogonal matching pursuit (OMP) reconstruction algorithm 
has widely used to recovery signal, we apply the OMP 
algorithm in the simulation [5]. If the normalized root mean 
square error (NRMSE) is less than 10-3, the trial is a successful 
reconstruction. We can see the Gaussian random matrix have 
100% recovery rate for sparsity level under 25, and slowly 
decreases afterwards. On the other hands, the Toeplitz and 
Circulant matrices suffer severe performance degradation. 

 
Fig. 1. Reconstruction performance of Gaussian random matrices, Toeplitz 
matrix, and Circulant matrix. 

In this paper, we aim to develop scramble method to 
decrease the coherence sensing matrix. The general 
representation of our design is illustrated in Fig.2. With a few 
amount of stored element sets, scramble method is applied to 
increase randomness for generating sensing matrix. We 
propose two alternative methods to obtain satisfactory recovery 
performance for different region of interest (ROI). We first 
define the region that Gaussian random matrix have 100% 
successful recovery rate is guarantee region. Otherwise, the 
successful recovery rate is less than 100% is regarded as 
uncertain region. In Fig.1, the boundary of the region is 
sparsity level 25. Two proposed methods are described as 
follows: 

1) ROI = Guatantee Region: For matching the guatantee 
region, we proposed the predefined scramble matrix 
(PSM) method to obtain satisfactory recovery 
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performance in the ROI, regarded as sub-optiomal 
recovery. Under the same amount of memory cost as 
Toeplitz matrix, we utilitze two predefined matrices 
namely modification matrix and shuffle matrix to 
generate sensing matrices. Compared to gaussian 
random matrix, the PSM method is able to reduce 
98.4% memory cost with negligible logic overhead. 

2) ROI = Guatantee Region + Uncertain Region: To 
match the whole region of recovery performance of 
Gaussian matrix, we proposed the alternative built-in 
location selection (BLS) method. The recovery 
performance of the BLS method can be regarded as 
near-optiomal recovery. Some pre-generated Gaussian 
random numbers are stored in element set memory and 
we randomly fetch the element to generate sensing 
matrix based on a linear feedback shift register (LFSR). 
Compared to gaussian random matrix, the BLS method 
is able to reduce 96% memory cost with LFSR 
overhead. 

Scramble 
Method

Compressive
Sensing y = Φ(Ψα)x = Ψα

Φ

  Outputa  Inputa   

Element Sets

 
Fig. 2. Proposed procedure for generating sensing matrix. 

This paper is organized as follows. The basic backgrounds 
of CS theory and structured matrix are introduced in Section II. 
Section III presents the proposed PSM method and its 
simulation results. The proposed BLS methods and its 
simulation results are described in Section IV. Section V 
analyzes the memory cost and compares the coherence of each 
methods. Finally, we conclude this paper in Section VI.  

II. BACKGROUND 

A. Fundamentals of CS 
CS enables sampling and reconstruction of signal vectors at 

sub-Nyquist rate if the input signal vectors are sparse enough. 
That is, compressing sensing allows us to sense and compress 
signals at the same time. Suppose that the input signal n, ∈x x 
is a vector of length n and is k-sparse, that is, at most k 
elements in the vector are non-zero, where k n.  CS theory 
guarantees that such signal could be recovered from the 
sampled vector y of only m elements as 

,=y Φx  (1) 

where y is a vector of length m with m n< and m nΦ ¡ . 

CS theory can be further employed on some signals that are 
non-sparse in nature, but k-sparse in another domain basis, e.g. 
frequency domain by linear transformation as 

( ) ,= = ′=Φ Φ Ψαy Φx α  (2) 
where Φ' =ΦΨ is the sensing matrix,α is a k-sparse vector of 
length n, and the matrix n n .Ψ ¡ The vector α is the 
coefficient vector of the vector x under the basis .Ψ  

The reconstruction process to recover the original signal α  
from measurement y is highly complex. It indicates the 
following algorithm based on 1l − minimization of the input 
vector, as follows: 

1l
min s.t .. '=α y Φ α  (3) 

Many programming and convex optimization algorithms have 
been proposed to solve the 1l − minimization operations, such 
as OMP method. 

B. Coherence 
In compressive sensing, if a sensing matrix satisfies the RIP, 

then its ability of recovery is guaranteed. Furthermore, a matrix 
that satisfies RIP has low coherence, where the latter is defined 
as  
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where 'Φ is the sensing matrix of dimension m × n.  

We will use the coherence 'µΦ( )as a quantitative index of a 
sensing matrix’s ability of recovery. For example, a matrix 
with high coherence means that there are at least two rows in 
the matrix that are similar to each other. The information 
obtained from these rows after sampling would also be similar, 
therefore, causing difficulties to the reconstruction process. 
Consequently, the coherence of our design has to be as low as 
that of random matrices.  

C. Structured Matrix 
Structured matrices are proposed to substitute deterministic 

sampling for random sampling for reasons of simplicity, 
efficiency, and low-memory cost. Two types of representative 
structured matrices are Toeplitz and Circulant, which is shown 
in Fig.3. The structured property simplifies the storing 
elements compare to Gaussian random matrix. For a sensing 
matrix of size m × n, Circulant and Toeplitz matrices require 
only n and (m + n -1) memory spaces, respectively. 
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(a) (b) 
Fig. 3. Mathematical expression of (a) Toepltiz matrix, (b) Circulant matrix. 

 
However, using primary structured matrices as sensing 

matrix will suffer from recovery performance degradation. This 



phenomenon is related to the high coherence of the new 
sensing matrix ' .Φ  To verify the coherence changing, we run 
500 times of test data for each type of matrices and calculate 
their maximum and average coherence in Table I. The Toeplitz 
and Circulant matrices have coherence around 0.35, just as low 
as random matrices. However, if they are multiplied with a 
basis matrix, such as IDCT matrix, the overall coherences are 
higher than 0.95 for both structure matrices. It is obvious that 
the high coherence of 'Φ  is the main reason for the 
performance degradation.  

 

III. METHOD I: PREDEFINED SCRAMBLE MATRIX 

A. Proposed Predefined Scramble Matrix 
In order to overcome the problem discussed in previous 

section, the first method proposed aim to increase the 
randomness of structured matrices but keep their low memory 
cost characteristics. The new sensing matrix that satisfies these 
properties could be constructed by scrambling the order of 
original structured matrices using two kinds of predefined 
scramble matrices - modification matrix M and selection 
matrix S as 

,=new originalΦ SΦ M  (5) 

where each of matrix M and S contributes different extent of 
recovery improvement and will be illustrated as follows. 

We use the shuffle matrix to break the regular pattern of 
m × n structured sensing matrix. For this purpose, we first 
construct an n × n structured matrix and then pre-randomly 
select m rows to build the desired one. The mathematical 
description of the shuffle matrix is presented as below:  

.original newSΦ =Φ  (6) 

An example of (6) is given as,  

1 0 0 0 0
0 0 1 0 0
0 0 0 1 0

a b c d e
a b c d ef a b c d
g f a b cg f a b c
h g f a bh g f a b

i h g f a

 
          =           
  

. (7) 

It can be easily seen that the new sensing matrix newΦ  is not as 
ordered as the original one. And applying the shuffle matrix 
can largely improve the reconstruction rate. It should also be 
noticed that an extra (n – m) elements are needed to build the 
sensing matrix compared with Toeplitz matrix. 

The modification matrix M allows us to multiply the 
elements of the sensing matrix by -1 every k columns, that is, 
an equally-spaced modified columns. By doing so, we could 
further increase the randomness of the elements of original 
structured matrix without using any extra storage memories. 
The equation of the modification matrix is shown as below:  

.original newΦ M =Φ  (8) 

An example of (8) is given as  
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0 0 0 0 1
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 (9) 

This method can be optimized by applying different-spaced 
modified columns, which can further improve the randomness 
of the structured matrix. In our proposed method, the space 
between the modified columns will be changed in sequence 
from 1 to 9. Fig.4 indicates the concept diagram of this method. 
The recovery rate of different-spaced modification structured 
matrix approaches to that of Gaussian random sensing matrix 
within the guarantee region.  

Finally, if we combine both modification and shuffle 
matrices to construct our structured sensing matrix such as 
equation (5), it can be shown that the recovery rate similar to 
the Gaussian random sensing matrix in the guarantee region by 
applying the combination of matrices.  

Modified Column

Original  Column

1 2 3 4 5

 
Fig. 4. Toeplitz matrix modified by equally-spaced modification matrix 

B. Simulation Results of Predefined Scramble Matrix 
Let the simulation parameters as in [3], where (m, n) be 

(128, 512) and the sparsity level k ∈[1,50] . The input is a 
randomly generated k-sparse signal and has dimension 512× 1; 
the basis matrix ,Ψ is a 512 × 512 inverse discrete cosine 
transform (IDCT) matrix; and the sensing matrix constructed 
has dimension 128 × 512. We apply the OMP method to 
recover the signal from compressive sensing. We define a 
successful recovery if the NRMSE between the reconstructed 
signal and the original signal is smaller than 10-3. We run the 

TABLE I. COHERENCE OF EACH TYPE OF SENSING MATRICES 

Matrix type 
Coherence 

Max. Avg. 
Random sensing matrix 

Gaussian matrix ( ' = GauΦ Φ ) 0.454 0.379 
Gaussian matrix ( ' = ×Gau IDCTΦ Φ Ψ ) 0.415 0.373 

Structured matrix 
Toeplitz matrix ( ' = ToeΦ Φ ) 0.424 0.338 
Circulant matrix ( ' = CirΦ Φ ) 0.396 0.333 

Toeplitz matrix ( ' = ×Toe IDCTΦ Φ Ψ ) 0.994 0.958 
Circulant matrix ( ' = ×Cir IDCTΦ Φ Ψ ) 0.995 0.968 

 



simulation for each sparsity-level and the percentage of 
successful recovery is calculated. 

We use Toeplitz matrix as the original structured matrix. 
Fig.5 shows the reconstruction simulation results by applying 
equally-spaced modification matrix, where Toe Cj means that 
the modified columns of Toeplitz matrix are multiplied by -1 
with equally space interval j. It can be observed that the 
reconstruction rate becomes better as the modified space grows 
larger, and has diminishing returns when j equals to 9. 

Fig.6 shows the reconstruction simulation results of 
applying each type of predefined scramble matrix to the 
Toeplitz matrix: TOE_selrow represents the result using 
shuffle matrix, TOE_C1~9 represents the result by applying 
different-spaced modification matrix where the space between 
the modified columns will be changed in sequence from 1 to 9, 
and TOE_selrow_C1~9 is the result by using both techniques. 
For column space higher than 9, the recovery rate has no 
significant improvement, therefore, we choose 9 as the 
maximal space in our simulation. It can be shown from the 
simulation that each method can substantially improve the 
recovery ability of Toeplitz matrix, especially when applying 
both shuffle and modification scramble matrices. The blue line 
can reach sub-optimal performance, close to the black line, 
which represents the optimal result of Gaussian random matrix. 
If the sparsity level is under 25, the TOE_selrow_C1~9 sensing 
matrix can almost perfectly recover the input signal. 

 
Fig. 5. Reconstruction using Modification matrix. 
 

 
Fig. 6. Performances of normal Toeplitz matrix, Gaussian matrix, and 
modified Toeplitz matrix using shuffle matrix, different-spaced modification 
matrix, and both. 

IV. PROPOSED METHOD II: BUILT-IN LOCATION SELECTION 

A. Proposed Built-in Location Selection 
We propose a second approach, called the built-in location 

selection (BLS) method to increase the randomness when 
designing our sensing matrices. The sensing matrices designed 
with BLS method achieve near-optimal recovery rate similar to 
that of random Gaussian matrix. This approach obtains high 
recovery performance with a slightly higher memory-cost than 
that for ordinary structured matrices. In this method, a linear 
feedback shift register (LFSR) [6] is also needed.  

In BLS method, some pre-generated i.i.d. Gaussian random 
numbers are stored in a memory storage of size L (RAM or 
ROM) within the system. This memory storage is represented 
by the element set in our proposed procedure of Fig.2. For 
convenience, we also define the ratio, r as the ratio between the 
size of the memory storage and the size of the sensing matrix, 
that is, L = (r× m× n). The idea of BLS method is to map the L 
elements in the memory storage into m × n elements of the 
sensing matrix. When constructing the sensing matrix, the 
elements chosen from the memory storage is designated by the 
index generation function. The index generation function,
i' f i, ),λ= ( where i',i ,L ,∈[1 ] which generates the next index i'
according to the current index i and a special parameter .λ  The 
parameter λ is a positive random number generated by the 
LFSR previously mentioned. A LFSR is often used in 
hardware implementations to generate pseudo-random numbers. 
For instance, a LFSR of bit-length n can generate random 
integers from 1 2 1n,[ − ] in a pre-defined order depending on its 
design. Since the integer pattern generated by LFSR is 
controllable and periodic, thus, could be used to increase 
randomness in the sensing matrix design. Notice that the LFSR 
also requires a hardware area cost in the implementation, but 
still considerably small compared to the memory spaces. 

For the index generation function, an intuitive choice would 
be the monotonously increasing function under modular 
operation, i' mod L,λ= (1+ ) with varying .λ Fig.7 shows a 
basic representation of the generation function f ( i, ).λ Modular 
operation of the generation function is used to transform the 
linear memory storage into cyclic and periodic form. The next 
element chosen to construct the next component of the sensing 
matrix is designated by the next index i.  

 
Fig. 7. Representation of index generation function, f .  

B. Simulation Results of Built-in Location Selection 
For the simulations, we use the same parameters as in 

Section III, where (m, n) is (128, 512) and the sparsity level 
k ∈[1,50] . The input is a randomly generated k-sparse signal 
and has dimension 512× 1. The basis matrixΨ  is still the IDCT 
matrix. Similarly, we apply the OMP method to recover the 



signal and run the simulations for each sparsity-level then 
calculate the percentage of successful recovery. 

For the optimal method, we simulate the recovery 
performance of sensing matrix constructed using the BLS 
method with LFSR of different bit-length. For each LFSR of 
different bit-length, we try to find the lowest ratio possible that 
still have the optimal performance corresponding to the random 
matrices.  

In Fig.8, the simulation result of BLS method with 4-bit 
LFSR is shown. The Gaussian random matrix represents the 
best recovery performance. Using a LFSR of 4 bits, the optimal 
performance is obtained with a ratio as low as 0.1, that is, we 
can save 90% of the memory using 4-bit LFSR. We continue to 
increase the bit length of LFSR in our simulation. For a 5-bit 
LFSR, the simulation result is shown in Fig.9. We can see that 
for ratio from 1.0 to 0.04, the performance of BLS method is 
the same as the Gaussian random matrix. If we continue to 
decrease the ratio, to 0.01, the recovery performance begins to 
degrade slightly. Using a LFSR of 5 bits, the BLS method can 
save 96% of the memory. 

 
Fig. 8.  4bit-LFSR-based BLS method with diverse ratio 
 

 
Fig. 9. 5bit-LFSR-based BLS method with diverse ratio 
 

From the two simulation results above, we can observe that 
the choice of the LFSR is crucial to this method. For our 
simulation conditions, increasing the bit-length from 4 to 5 
enhances the memory saving percentage from 90% to 96%, 
however, if we try to increase the bit-length again, the memory 
saving percentage would increase slightly. Therefore, using 

5-bit LFSR make us achieve optimal performance and use the 
least memory space as possible. 

V. ANALYSIS AND COMPARISON OF PROPOSED METHODS 

A. Analysis of Memory Cost 
The PSM method modifies the Toeplitz matrix, thus uses as 

much memory space as the primary structured matrices. If we 
only apply modification matrix, the memory cost is the same as 
the Toeplitz matrix, that is, (m + n - 1) memory space. If we 
want to apply the shuffle matrix or both matrices on Toeplitz 
matrix, the memory space required would be (n + n - 1). For 
the BLS method, the memory cost depends on both the 
memory storage’s size and the size of the LFSR logic element. 
Therefore, we the overall memory cost of the BLS method is (r 
×  m ×  n) + size of LFSR. Table II shows the memory cost of 
each type of sensing matrices.  

In our current simulation environment, the PSM and the 
BLS method can save approximately 98.4% and 96%, 
respectively. 

In terms of the sensing matrix’s dimension n, the memory cost 
of the first method is proportional to n. On the other hand, the 
memory cost of the second method proportional to n2. 
Consequently, even though the difference of memory cost 
seems negligible under current simulation conditions, the 
difference of memory cost would become significant if larger 
sensing matrix is required. 

B. Coherence of Proposed Methods 
We have shown our improving ideas in Section III and IV. 

The simulation results in each of these two sections 
demonstrate that the methods proposed are effective to enhance 
data recovery rate. However, we still need some mathematical 
evidence to justify their correctness. For this, we calculate the 
coherence of the newly designed sensing matrices and compare 
them with Gaussian random matrix and often-used structured 
matrices. We run 500 times of test data for each type of 
matrices and calculate their maximum and average coherence. 

TABLE II. MEMORY COST OF EACH TYPE OF SENSING MATRICES 

Matrix type Memory cost 

Random sensing matrix 

Gaussian random matrix m × n × aEsize 

Structured matrix 

Toeplitz matrix (m + n - 1) × Esize 

Circulant matrix n × Esize 

A.  Predefined scramble method 

TOE_C1~9 (m + n - 1) ×Esize 

TOE_selrow (n + n - 1) ×Esize 

TOE_selrow_C1~9 (n + n - 1) ×Esize 

B. Built-in location selection method 

Memory size of ratio r (r × m × n) × Esize + bLFSRsize 
aEsize is the bit length of each memory element, which is the number of bits 
used in hardware to represent an element. 
bLFSRsize is the size of the linear feedback shift register. 



Table III shows the coherence comparison of each type of 
sensing matrices. You can see from the table that the proposed 
methods can substantially lower the coherence compared with 
the original Toeplitz sensing matrix, and approach the ideal 
results, that is, the coherence of random sensing matrix.  

 

VI. CONCLUSIONS 

The two methods presented both reduce the degradation 
encountered when using the often-used structured matrix, such 
as the Toeplitz matrix or the Circulant matrix. The first method, 
predefined scramble matrix, achieves sub-optimal recovery rate 

close to the random sensing matrix and requires only as much 
memory space as traditional structured matrices. In our 
simulation, applying predefined scramble matrix can save 
approximately 98.4% memory spaces compared with random 
matrix. The second method, the built-in location selection 
method has optimal recovery rate, and matches the 
performance of the Gaussian random matrix, but requires some 
extra memory spaces compared to the first method. In our 
simulation, the BLS method saves 96% of the memory spaces, 
but also requires a 5-bit LFSR as extra logic element cost.  
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TABLE III. COHERENCE OF SENSING MATRICES UNDER IDCT BASIS 

Matrix type 
Coherence 

Max. Avg. 
Random sensing matrix 

Gaussian random matrix 0.415 0.373 
Structured matrix 

Toeplitz matrix 0.994 0.958 
Circulant matrix 0.995 0.968 

Predefined scramble method 
TOE _C1~9 0.716 0.586 
TOE_selrow 0.897 0.776 

TOE_selrow_C1~9 0.585 0.455 
Built-in location selection method 

LFSR size ratio,    

4-bit 
0.1 0.479 0.390 

0.07 0.530 0.449 

5-bit 
0.04 0.479 0.385 
0.03 0.544 0.423 

 


