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ABSTRACT 

We consider the channel estimation for millimeter-wave 
(mmWave) cellular systems in this paper. Because of the 
limitation of the hybrid RF/digital beamforming and the 
adoption of large-scale antennas, the acquisition of channel 
state information (CSI) is challenging. By exploiting the 
joint spatially sparse nature of practical mmWave channels, 
we develop a novel channel estimation algorithm based on 
compressive sensing (CS) with low training overhead and 
computational cost. A multiple measurement vectors (MMV) 
problem is formulated to exploit the joint sparse structure of 
the unknown channel, and then solved by the proposed rank-
aware channel subspace matching pursuit (RA-CSMP) 
algorithm. Numerical results demonstrate the superiority of 
the proposed approach in terms of estimation quality in the 
more scattered channel environments. Moreover, it achieves 
about 35~150 times faster runtime than other previous CS-
based works in the experiment. 

Index Terms—millimeter-wave communication, large-
scale antenna systems, CSI acquisition, compressive sensing 

1. INTRODUCTION 

The millimeter-wave (mmWave) communication is a prom-
ising technology for the next-generation cellular systems [1], 
because it enables gigabit-per-second data rates to meet the 
anticipated demands of mobile traffic by leveraging the 
large bandwidth. To compensate for high expected pathloss 
at mmWave frequencies [2], large-scale antennas are usually 
adopted in mmWave communication to provide beamfor-
ming gain. Instead of the full-digital beamforming, large-
scale antenna systems usually prefer the hybrid structure [3] 
to avoid the high fabrication cost and energy consumption 
of high-frequency mixed signal components. In the hybrid 
structure, the beamforming is split between RF and digital 
baseband, and large-scale antennas are driven by only a few 
RF chains. To achieve large beamforming gain, the channel 
state information (CSI) is necessary at both base station (BS) 
and user equipment (UE) side. However, the CSI acquisition 

suffers from a subspace sampling limitation [4] because the 
baseband cannot observe entire channel dimension in the 
hybrid structure. Furthermore, due to the high-dimensional 
space in large-scale antenna systems, it is difficult to obtain 
enough channel subspace samples to compute a meaningful 
channel estimate within a practical channel coherence time.  

To address these issues, several compressive sensing (CS) 
[5] based works [7]-[9] are proposed to estimate the CSI of 
mmWave channel with sparse nature [10], [11] from only a 
few incoherent channel subspace samples. Then they apply 
the vectorized spatially sparse (VSS) formulation introduced 
in [6] to exploit the sparse nature from both Angle-of-
Departure (AoD) and Angle-of-Arrival (AoA). Although the 
VSS-based works exhibit comparable performance over the 
exhaustive beam scanning with lower training overhead, 
there are two major concerns summarized as follows. i) The 
sparsity structures of mmWave channels are usually more 
complicated in the practical scenarios (e.g., the urban 
environments [12]-[14]), which results in more channel 
subspace samples to guarantee the estimation quality in the 
VSS-based works. ii) For the VSS formulation, sparse reco-
very of a high-dimensional channel vector leads to high 
computational cost in large-scale antenna systems. 

In this paper, we consider the CS-based channel subspace 
sampling to acquire the CSI for mmWave cellular systems, 
and proposed a novel estimation algorithm by exploiting the 
inherent properties of mmWave channels. Based on the 
proposed joint spatially sparse (JSS) formulation, we first 
determine the AoDs of the unknown mmWave channel by 
solving the multiple measurement vectors (MMV) problem. 
Then the CSI acquisition is simplified to estimate a reduced-
dimension effective channel by the least-squares (LS) solver. 
Finally, numerical results demonstrate that the proposed 
JSS-based approach requires only a few channel subspace 
samples with a performance guarantee in the more scattered 
channel environments, and provides a more computationally 
efficient solution compared to the VSS-based works. 

2. SYSTEM MODEL 

2.1 Spatially Sparse mmWave Channel Model 

Consider a single user mmWave cellular system, where the 
BS and the UE have BSN  and UEN  antennas, respectively. 

This work was financially supported by the Ministry of Science and Technology of 
Taiwan under Grants MOST 103-2622-E-002-034 & 104-2622-8-002-002, and 
sponsored by MediaTek Inc., Hsin-chu, Taiwan, and NOVATEK Fellowship 

605978-1-5090-4545-7/16/$31.00 ©2016 IEEE GlobalSIP 2016



 
 

Fig. 1. Illustration of the joint spatial sparsity structure due to the
limited scattering effect at BS and rich local scattering effect at UE. 

In this system, we adopt a block-fading mmWave channel 
H  between the BS and UE, such that [

2

F
H ] BS UEN N . 

To leverage the notion of CS, we use the Virtual Angular 
Domain (VAD) representation [15] to provide a discretized 
approximation for the mmWave channel. Instead of taking 
the AoD/AoA from the physical arbitrary angles, the VAD 
representation describes them via the fixed and uniformly 
spaced virtual angles with angular resolutions TG  and RG  at 
the BS and the UE, respectively. By neglecting the error 
caused by quantized angles, the channel matrix H  can be 
expressed as 

      H A H AH
R T , (1) 

where H R TG G


 is the VAD channel matrix, and its 
( , )p q -th non-zero entry corresponding to an i.i.d. path gain 

pq ~ (0, 1) indicates that there is a spatial path departed 
from the q-th transmitting direction of the BS and arrived at 
the p-th receiving direction of the UE. The BS TN G

T
A  and 

UE RN G
R

A  represent the VAD transformation dictionary.  
Recent field measurements [12]-[14] have indicated that 

there are relatively rich number of local scatterers, which 
implies that the mobile users are usually surrounded by 
numerous reflective objects in the urban. Therefore, each of 
the paths departing from the BS may arrive at several 
receiving directions of the UE. Since the BSs are usually 
elevated high with fewer scatterers around, the AoDs are 
still sparse at BS side. Based on above facts, we assume that 
there are AoDL  paths departing from the BS with different 
AoDs, and each of which contributes AoAL  receiving 
directions of AoAs at UE side. Consequently, the row 
vectors within the H  exhibit the joint sparsity, i.e., there 
exists a common support set Ω, AoD TL GΩ  , such that 

      
, :supp( ) , H   Ω   i

i

i  , (2) 

where , :Hi
  denotes the i-th row of H . In other words, 

there are only AoDL  columns in H  that contain non-zero 
entries, and the common support set Ω corresponds to the 
indices of these non-zero columns, as illustrated in Fig. 1. 

2.2 CS-based Channel Subspace Sampling 

During the training phase, the BS employs a sounding beam 
1p BSN

m
 to sample the channel subspace, and the UE 

combines the received signal through a combining beam 
1q UEN

n
 , the resulting signal can be written as 

                   , ,  = q Hp q nH H
n m T n m m n n my s  , (3) 

where ms  is the transmitted training symbol over the pm  
with [|sm|2] = 1, T  is termed as the averaged received 
power after the training sequence carried by each training 
symbol is match filtered, and 1

,
UEN

n m
n  is the noise vector 

with (0, 
2
n ) entries. To simplify the analysis, we 

consider the same training symbol s = 1 in the training phase. 
Assume that there are BSM  training symbols employed for 
the sounding beams pm , 1, , BSm M    in the training 
phase, and each of training symbols transmitted over the 
sounding beam is measured by the UEM  combining beams 
qn , 1, , UEn M   . By stacking the BS UEM M  measurements, 
we have the resultant matrix 

                                H
T Y = Q HP N , (4) 

where 1[ ,  , ] BS BS

BS

N M
M

 P p p   is the sounding codebook, 

1[ , , ] UE UE

UE

N M
M

 Q q q   is the combining codebook, and 
UE BSM MN  is the stacked noise matrix. 

To exploit the sparse nature of mmWave channels from 
both AoD and AoA, the work [8] rewrites (4) as a single 
measurement vector (SMV) model via the VSS formulation 

 ( )  vec( ) vec ( )

 ( ) vec( ) vec ( )

vec ( ) ,

T H
T

T H
T T R

V







 





 

 

  

 

 

y P Q H  N

P A Q A H N

 Φ h N

 

  (5) 

  (6) 

  (7) 

where 1BS UEM M y   denotes the vectorized resultant matrix 
vec( )Y , Φ BS UE T RM M G G

V
  is the equivalent measurement 

matrix for the VSS formulation, and 1vec( ) T RG G
 

 h H   
denotes the VAD channel vector. Hence, estimating the sup-
port of h  is equivalent to determine the sparse AoD/AoA 
pairs, which can be formulated as a sparse recovery problem. 
Several greedy algorithms have been proposed to find 
approximated solutions of the sparse recovery. In this paper, 
we consider Orthogonal Matching Pursuit (OMP) [16] 
algorithm since it is easy to be implemented. Once h  is 
estimated by ĥ , we have the estimated channel 

      1 vec ( )ˆ ˆH A h AH
R T

 . (8) 

Although the VSS-based works achieve a promising 
performance with lower training overhead, it has two major 
concerns in practice. First, when receivers are surrounded by 
rich local scatterers, h tends to be a block-sparse vector 
[17]. The conventional SMV solvers (e.g. OMP) require 
more measurements to guarantee the recovery from a higher 
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channel sparsity level. Second, since the dimension of the 
equivalent measurement matrix VΦ  grows drastically with 
the increasing of required angular resolutions, it results in 
high computational cost from the sparse recovery. 

3. PROPOSED JOINT SPATIALLY SPARSE 
CHANNEL ESTIMATION 

3.1 Joint Spatially Sparse Formulation 

To exploit the structured sparsity, we first rewrite (4) as 

     H H H H
T  Y Y P H Q N , (9) 

where Y BS UEM M contains the UEM measurement vectors 
measured by the combining beams q n , 1, , UEn M   . By 
applying the VAD representation (1) into (9), we obtain 

     H H H H H H
T T R J Q   Y P A H A Q N Φ H N , (10) 

where BS TM G
J

Φ   is the equivalent measurement matrix 
for the JSS formulation, and UE TM GH

Q R 
 H Q A H  denotes 

the VAD channel observed by the combining codebook. 
Given the joint spatially structure of mmWave channel, QH  
is a joint sparse matrix, i.e., there only AoDL  columns in QH  
are non-zero. Then (10) can be formulated as a multiple 
measurement vectors (MMV) problem [18]-[20] 

     arg min    s.t.
Q

H
Q J Q F AoDL  

H
Ĥ   ||Y Φ H ||  Ω , (11) 

where QĤ  denotes the estimated QH . The MMV problem 
can be solved by determining the common support set Ω  of 

QH , which also corresponds to the AoDs of the unknown 
channel. Since the sparsity level of the MMV model is only 
related to the number of AoDs AoDL , the number of 
required channel subspace samples would not increase with 
the rich local scattering effect at UE side. Furthermore, 
MMV has better recovery performance than SMV due to the 
potential diversity from the joint sparse structure [21]. 

Once the common support set is determined, (4) can be 
rewritten based on the estimated common support set Ω̂  

     ( )H H
T R T ˆ ˆΩ ΩY Q A H A P N , (12) 

Denote ΓA  as a submatrix formed by collecting the column 
vectors of matrix A  whose indices belong to the set Γ . 
The submatrix T

Ω̂A  consists of the array steering vectors 
corresponding to Ω̂ , and R AoDG L


Ω̂H  is the reduced-

dimension effective VAD channel matrix associated with Ω̂ . 
In order to estimate 

Ω̂H , we vectorize (12) such that 

      
 ( ( ) ) vec ( )

vec ( ) ,

T H
T T R 



  

  

ˆ ˆΩ * Ω

Ω̂

Ω̂

 y P A Q A h N

 Φ h N
 

(13) 

(14) 

where BS UE RM M G


Ω̂

Ω̂
Φ   is the equivalent measurement matrix 

Algorithm 1  Proposed RA-CSMP algorithm 

Require: Y , P , Q , T , and termination threshold   

Step 1: (Rank-aware common support set estimation) 

1: compute Y Y H and Φ P AH
J T T  

2: initialization: set iteration counter 1t  , 
(0)R Y , ( 1)R 0  , (0)Ω̂   ∅, and (0)

 
Ω̂

P  I  

3: while  1 2|| ||t t
F  ( ) ( )R R     do  

4: calculate orthonormal basis for residual: 
(t 1) (t 1)

 orth ( )U R   

5: ( 1)
( 1)

 : , (t 1)  : ,
2 2arg max || ( ) || || || , ˆ  Ω

Ω̂

Φ  U  P Φ   t
t

i H i
J J

i

m i


 


   

6: update estimated common support set: ( ) ( 1)ˆ ˆΩ  Ω  t t m   
7: calculate orthogonal projector: 

( ) ( )

( ) ( )( )
ˆ ˆΩ Ω

Ω̂

†P  I Φ Φ
t t

t J J
    

8: update residual: ( )

(t)

Ω̂
R  P Yt

  

9: 1t t   

10: end while 

Step 2: (Effective VAD channel estimation) 

1: compute vec( )y Y and  ( ( ) )  T H
T T R  Ω̂ *

Ω̂
 Φ P A Q A 	

2: initialization:  Ω̂ĥ 0 	
3: estimate by the LS solver: ( ) 

Ω̂

Ω̂

†ĥ Φ y   

4: obtain the effective VAD channel: 1vec ( ) 


ˆ ˆΩ Ωˆ ˆH h  

return Ω̂Ĥ  and Ω̂  

 
after the vectorization of (12), and 

1
vec( ) RG

 


 
Ω̂ˆ ˆΩ Ωh H   

denotes effective VAD channel vector. It can be seen that 
estimation of 

Ω̂h  from (14) is an overdetermined problem 
when BS UE RM M G Ω̂ . Therefore, the reduced-dimension 
channel vector  

Ω̂h   can be directly estimated by the LS 
solver with much lower computational cost. 

3.2 Rank-Aware Channel Subspace Matching Pursuit 

Based on the proposed JSS formulation, the problem of CSI 
acquisition is accomplished by determining the common 
support set Ω , which in turn defines the AoDs, and the 
effective VAD channel matrix ΩH . To acquire these 
information, we propose a rank-aware channel subspace 
matching pursuit (RA-CSMP) algorithm, listed in Algorithm 
1, to adapt to the structured sparsity of mmWave channels 
discussed in Section 2. The proposed RA-CSMP algorithm 
is divided into two steps. In step 1, we aim to determine the 
common support set based on the rank-aware selection [22]. 
The main difference between rank-aware selection and 
OMP type algorithms is that the selection criterion is based 
on the correlation of the normalized projected column vector 

( 1) ( 1)

 : ,  : ,
2|| ||ˆ ˆΩ Ω

P Φ  P Φt t

i i
J J 

  of  ΦJ  with the orthonormal basis 
(t 1)U  spanned by the residual matrix (t 1)R  , rather than 

the correlation of the column vector 
 : ,Φ i
J with the residual 

matrix (t 1)R  . This ensures that the common support set 
estimation fully exploits the diversity from joint sparse 
structure at each iteration. After the most strongly correlated 
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Fig. 2. (a) NMSEs versus the number of employed sounding beams BSM  under AoDL = 4, AoAL = 8, and SNR = 10 dB. (b) NMSEs versus
SNR under AoDL = 4, AoAL = 8, and BSM = 16. (c) NMSEs versus the number of AoAs AoAL  under AoDL = 4, SNR = 10 dB, and BSM = 16. 
 

 

 
Fig. 3. Simulation runtime of the estimation algorithms versus the
size of system with scale factor f  
 

column of ΦJ  is found out, the selected index is appended 
to ( 1)Ω̂ t  which is the estimated common support set 
obtained for iterations{1, , 1}  t  . The procedure in step 1 
is terminated when the criterion 1 2|| ||( ) ( )R Rt t

F
  falls below 

the predetermined threshold  . In step 2, we directly apply 
the LS solver to estimate the effective VAD channel based 
on (14). Finally, we have the estimated channel matrix 

                                 ( )H
R T

ˆ ˆΩ ΩĤ A H A .                            (15) 

4. NUMERICAL EVALUATION 

In this section, we evaluate the performance through several 
simulations with the following parameters. We consider the 
system model in Section 2 , the BS and the UE equipped 
with the uniform linear arrays have 64BSN   and 16UEN   
antennas, respectively. In the training phase, the BS 
employs BSM  sounding beams with random-phased entries 
in { 1, j  }. To look ahead all the possible AoAs in the rich 
local scattering environments, we assume that the UE 
employs the discrete Fourier transform (DFT) based comb-
ining codebook. The channels have 4AoDL  with angular 
resolution 256TG   at BS side, and 8AoAL   with 16RG    
at UE side. The signal-to-noise ratio (SNR) is defined as 

2
T n  . To evaluate the performance, we use the normalized 

mean square error (NMSE), which is defined as 

1010log ( 2 2|| || || ||F FĤ H H ) , to compare the estimation 
quality of the proposed JSS-based RA-CSMP with the 
conventional LS estimation and VSS-based OMP [8], [9]. 

Fig. 2(a) compares the NMSEs versus the number of 
employed sounding beams when SNR is 10dB. We observe 
that the estimation quality increases as BSM increases and 
the proposed RA-CSMP achieves a substantial performance 
gain over the other two estimators. This is because the 
proposed JSS-based approach exploits the joint sparsity 
among mmWave channel to better recover the CSI. Fig. 2(b) 
shows the NMSEs versus SNR when the number of 
employed sounding beams 16BSM  , which is only 6.25% 
overhead of exhaustive beam scanning. The proposed RA-
CSMP outperforms the other two estimators and achieves 

larger performance gain in higher SNR regions. To observe 
the rich local scattering effect at UE side, Fig. 2(c) compares 
the NMSEs versus the number of AoAs con-tributed by 
each transmitting direction. For the VSS-based OMP, we 
observe that the estimation quality gets worse as AoAL  
increases. However, the proposed RA-CSMP is unaf-fected 
as the AoAL  increases. The results indicate that the training 
overhead of the JSS-based approach would not increase in 
the more scattered channel environments. 

Regarding to the computational cost, we compared the 
runtime of each estimator versus the size of system. In this 
experiment, we set the system size with the scale factor f  
to 16BSN f , 4T BSG N , 4UE RN G f  , and 16BSM  . As 
shown in Fig. 3, the proposed RA-CSMP achieves about 
35~150 times faster of runtime than the VSS-based OMP. 

5. CONCLUSION 

A CS-based channel estimation algorithm for mmWave 
cellular systems was proposed. By exploiting the structured 
sparse nature of the practical mmWave channels, a MMV 
problem is formulated, and then solved by the proposed RA-
CSMP algorithm. Numerical results demonstrate that the 
proposed JSS-based approach outperforms other previous 
CS-based solutions in terms of achievable estimation quality 
with a much lower training overhead, and saves a significant 
computational cost compared to the previous works.  

608



6. REFERENCES 

[1] T. Rappaport, S. Sun, R. Mayzus, H. Zhao, Y. Azar, K. Wang, 
G. Wong, J. Schulz, M. Samimi, and F. Gutierrez, “Millimeter 
wave mobile communications for 5G cellular: It will work!,” 
IEEE Access, vol. 1, pp. 335–349, 2013. 

[2] L. Wei, R. Q. Hu, Y. Qian, and G. Wu, “Key elements to 
enable millimeter wave communications for 5G wireless 
systems,” IEEE Wireless Commun., vol. 21, no. 6, pp. 136–
143, Dec. 2014. 

[3] S. Han, I. Chih-Lin, Z. Xu, and C. Rowell, “Large-scale 
antenna systems with hybrid analog and digital beamforming 
for millimeter wave 5G,” IEEE Commun. Mag., vol. 53, no. 1, 
pp. 186–194, Jan. 2015. 

[4] Hur, T. Kim, D. J. Love, J. V. Krogmeier, T. A. Thomas, and 
A. Ghosh, “Millimeter wave beamforming for wireless 
backhaul and access in small cell networks,” IEEE Tran. 
Commun., vol. 61, no. 10, pp. 4391–4403, October 2013. 

[5] D. Donoho, “Compressed sensing,” IEEE Trans. Inf. Theory, 
vol. 52, no. 2, pp. 1289–1306, Apr. 2006. 

[6] A. Alkhateeb, O. El Ayach, G. Leus, and R. Heath, “Channel 
estimation and hybrid precoding for millimeter wave cellular 
systems,” IEEE J. Sel. Topics Signal Process., vol. 8, no. 5, 
pp. 831–846, Oct. 2014. 

[7] J. Lee, G. Gil, and Yong H. Lee, “Exploiting spatial sparsity 
for estimation channels of hybrid MIMO systems in 
millimeter wave communications,”  in Proc. IEEE Global 
Commun. Conf., Austin, TX, USA, Dec. 2014. 

[8] A. Alkhateeb, G. Leus, and R. W. Heath, Jr., “Compressed 
sensing based multi-user millimeter wave systems: How many 
measurements are needed?” in Proc. IEEE ICASSP, Apr. 
2015, pp. 1–5. 

[9] R. Méndez-Rial, C. Rusu, N. González-Prelcic, A. Alkhateeb, 
and R. W. Heath, Jr., “Hybrid MIMO architectures for 
millimeter wave communications: Phase shifters or 
switches? ” IEEE Access, vol. 4, pp. 247–267, Jan. 2016, doi: 
10.1109/ACCESS.2015.2514261. 

[10] W. Roh, J.-Y. Seol, J. Park, B. Lee, J. Lee, Y. Kim, J. Cho, K. 
Cheun, and F. Aryanfar, “Millimeter-wave beamforming as an 
enabling technology for 5G cellular communications: 
theoretical feasibility and prototype results,” IEEE Commun. 
Mag., vol. 52, no. 2, pp. 106–113, 2014. 

[11] T. S. Rappaport, F. Gutierrez, E. Ben-Dor, J. N. Murdock, Y. 
Qiao, and J. I. Tamir, “Broadband millimeter wave 
propagation measurements and models using adaptive beam 
antennas for outdoor urban cellular communications,” IEEE 
Trans. Antennas Prop., vol. 61, no. 4, pp. 1850-1859, Apr. 
2013. 

[12] M. K. Samimi et al., “28 GHz angle of arrival and angle of 
departure analysis for outdoor cellular communications using 
steerable beam antennas in New York City,” in Proc. IEEE 
VTC, 2013, pp. 1–6. 

[13] M. K. Samimi and T. S. Rappaport, “Ultra-wideband 
statistical channel model for 28 GHz millimeter-wave urban 
NLOS environments,” in Proc. IEEE GLOBECOM, Dec. 
2014, pp. 3483–3489. 

[14] M. K. Samimi and T. S. Rappaport, “3-D statistical channel 
models for millimeter-wave outdoor mobile broadband 
communications,” in Proc. IEEE ICC, Jun. 2015, pp. 1–7. 

[15] W. U. Bajwa and J. Haupt, “Compressed channel sensing: A 
new approach to estimating sparse multipath channels,” Proc. 
IEEE, vol. 98, no. 6, pp. 1058–1076, June 2010. 

[16] J. A. Tropp and A. C. Gilbert, "Signal recovery from random 
measurements via orthogonal matching pursuit," IEEE Trans. 
Inf. Theory, vol. 53(12), pp. 4655-4666, 2007. 

[17] Y. C. Eldar, P. Kuppinger, and H. Bolcskei, “Compressed 
sensing of block-sparse signals: Uncertainty relations and 

efficient recovery,” IEEE Trans. Signal Process., vol. 58, no. 
6, pp. 3042–3054, 2010. 

[18] S. F. Cotter, B. D. Rao, K. Engan, and K. Kreutz-Delgado, 
“Sparse solutions to linear inverse problems with multiple 
measurement vectors,” IEEE Trans. Signal Process., vol. 53, 
no. 7, pp. 2477–2488, 2005. 

[19] J. A. Tropp, A. C. Gilbert, and M. J. Strauss, “Algorithms for 
simultaneous sparse approximation—part I: greedy pursuit,” 
Signal Process., vol. 86, no. 3, pp. 572–588, 2006. 

[20] J. A. Tropp, “Algorithms for simultaneous sparse 
approximation—part II: convex relaxation,” Signal Process., 
vol. 86, no. 3, pp. 589–602, 2006. 

[21] J. Chen and X. Huo, “ Theoretical results on sparse 
representations of multiple measurement vectors,”IEEE Trans. 
Signal Process., vol. 54, no. 12, pp. 4634–4643, 2006. 

[22] M. E. Davies and Y. C. Eldar, “Rank awareness in joint sparse 
recovery,” IEEE Trans. Inf. Theory, vol. 58, pp. 1135–1146, 
Feb. 2012. 

609


