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ABSTRACT

Most cost-effective DFE implementations suffer

from the phenomenon of error propagation, which

degrades its Bit Error Rate (BER) performance. To solve 

this problem, we proposes a Soft-Threshold-based Multi-

layer DFE (STM-DFE) technique to reduce the BER. It 

costs very low hardware overhead compared to the

conventional DFE. The key idea is to define a

Reliable/Unreliable region in the DFE algorithm. When

the output of equalizers is in the unreliable region, the

STM-DFE does not make a decision on current symbol,

but outputs a log-likelihood ratio to the next symbol. This

process continues until the decision becomes reliable, or

reaches the maximum stage number. The optimal

threshold value between the reliable and unreliable

region is analyzed in close-form. Simulation results show

that the proposed scheme can efficiently reduce the Burst 

Error Length (BEL) as well as BER. 

1. INTRODUCTION 

Data transmission through the band-limited channel

suffers from the time-domain dispersion, which causes the 

Inter-Symbol Interference (ISI) and degrades the

throughput rate [1]. The DFE is widely employed for

practical designs due to its high performance for BER and

low hardware cost. One of the major drawbacks of the 

DFE is the error propagation, which is caused by slicing

errors. Some approaches suggest to modify the decision

devices to reduce the error propagation [3][6]. The authors

of [6] propose the erasure scheme. This scheme is if the

detected signal is smaller than a given threshold value, 0 is

fed back; otherwise, it works as a slicer. In [2][3], the 

authors proposed a Threshold Technique (TT) approach to

detect the error events. The idea is that the past decision

errors that reside in the feedback register tend to cause an

offset at the slicer. We call this scheme the Threshold

Technique Decision Feedback Equalizer (TT-DFE). The 

TT-DFE makes use of this offset and employs an offset-

threshold slicer to detect the presence of error propagation.

When the offset events are detected, it may be corrected in
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the next symbol. One of the disadvantages of the TT-DFE 

is that design parameters in the TT-DFE are difficult to be

determined, and they depend on channel model. The 

performance will be degraded due to the non-optimal

design parameters. Hence, it limits the applications of the

TT-DFE to the channels that are stationary and known in

advance.

Inspired by the TT-DFE [3], we propose the Soft-

Threshold-based Multi-layer Decision Feedback 

Equalizer (STM-DFE) to enhance the DFE by modifying

the decision device. The key idea is to define a 

Reliable/Unreliable region. Once, the received signal is in 

the unreliable region, the STM-DFE does not make the

decision instantly. Instead, it forwards the log-likelihood

ratio to the next symbol. The process can be performed

continuously, until the output of equalizers becomes

reliable, or the maximum stage is reached. Then, the

decision of the transmitted data is made at the same time.

In this paper, the threshold value of Reliable/Unreliable

regions is analyzed in close-form. The STM algorithm can 

adjust the threshold value dynamically, which makes full

use of the information from the outputs of equalizers. It

does not just detect it by a simple threshold device. The

simulation results show that the BER and BEL of the

proposed STM algorithm is better than the TT-DFE [3]

and the conventional DFE when being applied to

Lorentzian channel [4] as well as in different eigenvalue

spread channels [5]. Compared with the Ideal decision 

feedback equalizer (IDFE), the STM-algorithm also has 

better performance.

2. THE PROPOSED STM ALGORITHM 

2.1. Channel Model

The left-hand side of Fig. 1 shows the baseband 

channel model, which is linear and band-limited. The

notations of Fig. 1 are defined as 

xk is the transmitted data. In general, xk are assumed

to be independent with zero-mean. x  is the

detection of x

n
ˆ

n.

h(n) is the equivalent discrete-time channel impulse

response.

wn is Additive White Gaussian Noise (AWGN).

yn is the channel output. It is considered to be 
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corrupted by wn at the front end of receivers.

rn is the output of equalizers and is expressed as

ab N
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mnmn xaybr
1
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ˆ , (1)

where

ak denotes the k-th tap-weight of Feed

Backward Filters (FBF).

bk denotes the (k+1)-th tap-weight of Feed 

Forward Filters (FFF).

Na is the tap number of FBF.

Nb is the tap number of FFF. 
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h(n)
x

k

w
k

Discrete-time  channel

model

y
k

nx̂nr

DFE-based architecture

Fig. 1 The discrete-time channel model and the block diagram of 

the DFE-based design, where FBF and FFF denote the Feed

Backward Filter and Feed Forward Filter, respectively.

To derive the STM-algorithm, three assumptions

are made in this paper.

(A-1) The transmitted data sequence is independent with

zero-mean.

(A-2) The noise is AWGN with zero-

mean and variance . The assumption is 

commonly used in many mathematical derivations

of common systems [7]-[9]. 
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(A-3) For convenience of our discussions, the detections

of the transmitted data prior to xn-k are assumed to 

be correct in Stage k, and we want to detect these

transmitted data from time n to time n-k.

2.2. The 2-layer STM Algorithm

In this section, we first derive the 2-layer STM

algorithm. Then, we extend it to higher order layer. For 

the clarification of representation, we assume the date 

sequence is {-1, +1}. It is trivial to extend the data for

higher order constellation. Let rn = xn + (applying

Assumption (A-2)) at time n, the Log Likelihood Ratio

(LLR) of x

d
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The decision of errors may happen by hard decision, when

rn is close to 0, i.e., LLR(xn)~ 0. As a result, the unreliable

region should be set near zero value. Let xn = 1 be 

transmitted, then we have r , which is 

depicted in Fig. 2(a)-(b). For the detection scheme of a 

slice, when r

),1(~ 2

dn N

n > 0, xn is detected as 1; otherwise, it is set to

0. As we can see, when rn is close to 0, the decision is 

very unreliable. Fig. 2(b) shows the detection scheme of

the 2-layer STM algorithm. L is denoted as a threshold

value between the reliable and unreliable region. When

|rn| < L, rn is said to be in unreliable region, we do not

make the decision but forward the LLR(xn) to the next

symbol. We denote the operation of the STM-algorithm is

in Stage 1 at time n, and in Stage 2 at time n+1, as shown 

in Fig. 2. For the 2-layer STM-algorithm, the maximum 

stage number is set to 2. Therefore, we must detect two 

symbols {xn+1, xn} simultaneously in Stage2, then the

stage changes into Stage 1. First, we explain the effect of 

L as follows.

L is Lager: When -L < rn < 0, an error arises by a 

slicer. If we want to detect more errors, L must be set 

to be larger. As the threshold value L is extended to be 

L1 as shown in Fig. 2, both the region S and S’ are the

incremental unreliable region. At time n, a slicer has 

the correct decision when rn is in region S; on the

contrary, the decision is wrong by a slicer when rn is 

in region S’. Since r ; therefore, region S’

is smaller than region S. Thus, if we enlarge L to

detect more errors, the more corrected decisions by a

slicer, i.e., region S, are sent to Stage 2 simultaneously

and detected again. Unfortunately, the distance of 

states in Stage 2 is closer than that in Stage 1. That is, 

the detections tend to be erroneous when they are 

detected in Stage 2. 

),1(~ 2

dn N

L is Smaller: For the smaller L, the less corrected 

decisions by a slicer are set to Stage 2, but the fewer 

errors will be detected.

Therefore, L must be determined appropriately.

2.2.1  MAP Detection in Stage 2 

The STM algorithm has the same decision scheme

as slicers in Stage 1 when rn is reliable. Otherwise, the

process of the STM algorithm changes into Stage 2. Next,

we show how to detect the transmitted data and minimize

the error probability in Stage 2. Then, we applied the
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results to figure out the optimal threshold value L. In 

Stage 2, we define

where 1nr is independent of , because the value of xnx̂ n

is not determined at time n. In Eq. (3-b), we apply

Assumptions (A-2) and (A-3). We need to detect xn and 

xn+1 after rn and 1nr are figured out. From Eq. (3-b), 

when {xn+1, xn} is {+1, +1}, {+1, -1}, {-1, +1} and {-1, -

1}, the value of state, 1nr , is 1+a1, 1-a1, -1+a1, and -1-a1,

respectively. We illustrate the states by Fig. 2. The

conditional probability of xn and xn+1 on r andn 1nr at

time n+1 can be shown as 
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Applying the property that 1nr  and rn are independent

conditional on xn and xn+1 in Eq. (4-a). Eq. (4-a) can be 

reformulated as Eq. (6-b), which is proportional to

)|Pr(,|Pr 11 nnnnn xrxxr . (5)

Eq. (5) is used to determine the boundaries of decision

regions to minimize the probability of decision error in

Stage 2. 

2.2.2 Boundaries of Decision Regions in Stage 2 

We will focus on a1 > 0, because we can just 

change the sign of xn for Case a1 < 0. The boundaries

between region I, II, III, and IV are labeled as A, B and C

in Stage 2, as shown in Fig. 2. When 1nr is in region I, II,

III, and IV, {xn+1, xn} is detected as {+1, +1}, {+1, -1}, {-

1, +1}, and {-1, -1}, respectively. To compute the

probability of decision errors in Stage 2, three cases of

boundary problems must be noted and described as below.

Case (1) |rn| < a1(1 - a ):  in this normal case, three

boundaries are A = , B =

1

1/1 arn 11/ arn ,

and C = .1a/1 rn

Case (2) rn > a1(1 - a1):  According to Eq. (5), when rn =

a1(1 - a1), both boundary A and B are equal to a1. In 

this case, the region II vanished (see Fig. 3(a)). 

When 1nr is larger than C = , x
1/1 arn n is 

detected as +1.

Case (3) rn < - a1(1 - a1): This case is opposite to Case

(2), as illustrated by Fig. 3 (b). When rn = -a1(1 - a1),

A = 1/1 arn , and B = C = - a1.
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From above discussion, the STM-algorithm utilizes the 

information from rn, which is not used in [3]:

The information of Pr(  is used at time

n+1, which can make decisions more correct in 

Stage 2. 

)| nn xr

The boundary of decision regions in Stage 2 is

dynamically adjusted to be optimal based on rn, not

a given constant value in [3].
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Fig. 2 The detection scheme: (a) a slice, (b) the 2-layer STM-

algorithm. The output, rn, of the STM algorithm may be 1 or -1 

in Stage 1. In Stage 2, rn+1 may be one of four values (1+a1, 1- a1,

-1+ a1, or -1- a1), since the transmitted data xn is undetermined at 

time n. Lines A, B and C are boundaries of decision region of 

these four values. N( ) is the normal distribution function. 
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2.3. Optimal Threshold Value L for Minimizing BER 

L is chosen to maximize the amount of the reduced 

decision errors by using the STM-engine at time n and 

n+1. In the below discussion, we assume rn is in

unreliable region at time n and xn = +1 is transmitted.

2.3.1   Analysis of Decision Error by Using a Slicer 

At time n and n+1, the expectation of decision

errors by using a slicer is the summation of two following

cases.

Case 1: Lr0 n

The slicer has the correct decision at time n.

Therefore, only one error may happen at time n+1,

and the expectation of decision errors is

,11Pr1|

11Pr1|

0 0

11
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111,
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nnnn

L
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where noise density function q(l) is the normal

distribution with zero mean and variance .2

d

Case 2: 0nrL

In this case, the slicer makes the wrong 

decision at time n. Then, the error will propagate and

cause an offset in next symbol. Apply (A-3), the sum

of the expectation of decision errors at time n and n+1

is
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2.3.2 Analysis of Decision Errors by Using the STM-

Engine

Next, we will figure out the expectation of decision

errors by the STM-engine. Also, we assume xn = +1, and

rn is in the unreliable region.

Case 1: When xn+1 is +1, the STM-engine makes one or

two bit errors if it determines {xn+1, xn} to be {+1, -1} 

and {-1, +1}, or {-1, -1}, respectively. The expectation

of decision errors can be formulated as

dsdtatrqdtatrqx
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Case 2: When -1 is transmitted at time n+1, the STM-

algorithm makes one or two bit errors if {xn+1, xn} is 

chosen as {+1, +1} (State I) and {-1, -1} (State IV), or 

{-1, +1} (State III), respectively. The expectation of 

decision errors is 
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2.3.3 Solution of the Optimal Threshold Value

F srom Eqs. (6)-(9), when L satisfie
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The STM- engine achieves the maximum reduction of 

errors. For L )1( 11 aa , the optimal threshold value

L must satisfy 
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where . The threshold, L, of 

reliable/unreliable region is a function of a

dxexQ
x

x 2/2

1 and d . For 

VLSI implementations, L can be approximated as a1(1-a1).

We show this by numerical result in Sections 3.1 and 3.3. 

2.4. Higher Order layer of the STM Algorithm

When the output of equalizers is in the unreliable

region, the STM-DFE does not make a decision on current

symbol, but outputs a log-likelihood ratio to the next

symbol. This process continues until the decision becomes

reliable, or reaches the maximum stage number. For the

derivation of the N-layer STM-algorithm, we follow the

derivation of the 2-layer STM algorithm. Due to page

limited, we skip the detailed derivations.

3. NUMERICAL AND SIMULATION RESULTS 

In this section, we show the threshold value related

to the 1st tap weight of the STM-DFE by the numerical

result. To appreciate the effect of the STM-DFE, we

compare it with the conventional DFE, TT-DFE, and 

IDFE for BER and BEL by simulations.
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3.1. Determination of Threshold Value 

Fig. 4 shows that all thresholds are larger under 

low SNR. This is very clear when the noise is lager; the

log-likelihood ratio of Pr(xn = +1)/Pr(xn = -1) is close to 1

in larger region. That is, there is larger unreliable region

in low SNR. When a1 < 0.5The threshold value is close to

a1 (1- a1) within large rang of high SNR. For case a1 > 0.5, 

the threshold value is close to one above a1 (1- a1).

4 6 8 10 12 14 16 18
0.15

0.2

0.25

0.3

0.35

0.4

SNR

T
h
re
s
h
o
ld

a1 = 0.20

a1 = 0.35

a1 = 0.5

a1 = 0. 65

a1 = 0.80

Fig. 4 The character of L for different first tap weight of DFE. 

3.2. Comparison of BER

The used channel model is Lorentzian channel at

user density 5.2 [4], which is common used in

magnetic record. Next, we use h = 0.5[1+cos(2 /w) 2

1+cos(2 /w)] [5] channel model to show effect of the

eigenvalue spread of the signal on the STM-algorithm. As 

shown in Figs. 5-6, the STM-DFE has better performance

than DFE, TT-DFE. Moreover, the STM-DFE performs

over than IDFE. This is even if the IDFE does not suffer

from error propagation, it has no ability to detect and

correct errors, which can be done by the STM-DFE. The 

3-layer STM-DFE can improve more than the 2-layer

STM-DFE at any SNR.
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Fig. 5 The threshold of Stage 1 is approximated by a1(1-a1).

The parameters of TT-DFE are the same as [3].
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Fig. 6 The comparison of symbol error rate among DFEs and the 

STM-DFE. All cases are average of 20 runs. Each run has 5x108

symbols.

3.3. SNR Degradation due to the Approximation of 

Threshold Value 

The configurations of the scenario are the same as

that for Lorentzian channel. As illustrated in Fiq.10, the

theoretical analysis of the optimal threshold is consistent

with simulation results in all cases. Furthermore, in order

to figure out the threshold value, we must solve Eqs. (11)-

(12). However, in VLSI implementation, it is very

complicated to solve these equations. However, we can

approximate the threshold value by a1 (1- a1), which is the

limite value of Boundary problems (See Section 2.2.2).

Therefore, the hardware cost to calculate the threshold

value is just one adder and one square. As shown in Fig. 7, 

the curve is flat near the optimal value, and a1(1- a1) is 

close to the optimum. Therefore, the approximation is

very good at each case. 
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Fig. 7 The sensitivity due to the approximation of

threshold by L = a1(1- a1).
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3.4. Comparison of BEL 

In this scenario, the IDFE almost has no burst

errors in our simulations. Fig. 8 shows that the proposed 

STM-DFE always achieves lower error probability than

DFE and TT-DFE in every burst error length. This is

because the STM algorithm can efficiently correct the 

error, which is in unreliable region in Stage 1. In addition,

the 3-layer STM-DFE has better performance than the 2-

layer STM-DFE for both BER and BEL.
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Fig. 8  BEL Comparison for SNR = 12.5 db. 

4. CONCLUSIONS 

This work proposes a novel and effective STM-

DFE algorithm to enhance the DFE performance. At 

algorithm level, the threshold of the reliable/unreliable

region is analyzed in close-form. At architecture level, the 

STM-DFE is very suitable for VLSI design. Its hardware 

cost is very similar to the simple DFE. In summary, the

proposed STM algorithm can improve performance over

the conventional DFE at low hardware overhead. The

PSTM-DFE is also suitable for high-speed

communications and storage applications.
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