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Abstract—Hybrid analog/digital precoding is a promising
technique to reduce the hardware cost of radio-frequency com-
ponents compared with the conventional full-digital precoding
approach in millimeter-wave multiple-input multiple output
systems. However, the large antenna dimensions of the hybrid
precoder design makes it difficult to acquire an optimal full-digital
precoder. Moreover, it also requires matrix inversion, which leads
to high complexity in the hybrid precoder design. In this paper, we
propose a low-complexity optimal full-digital precoder acquisition
algorithm, named beamspace singular value decomposition (SVD)
that saves power for the base station and user equipment. We
exploit reduced-dimension beamspace channel state information
(CSI) given by compressive sensing (CS) based channel estimators.
Then, we propose a CS-assisted beamspace hybrid precoding (CS-
BHP) algorithm that leverages CS-based CSI. Simulation results
show that the proposed beamspace-SVD reduces complexity by
99.4% compared with an optimal full-digital precoder acquisition
using full-dimension SVD. Furthermore, the proposed CS-BHP
reduces the complexity of the state-of-the-art approach by 99.6%
and has less than 5% performance loss compared with an optimal
full-digital precoder.

Index Terms—MIMO, millimeter-wave communication, hybrid
precoding, beamforming, low-complexity.

I. INTRODUCTION

THE millimeter-wave (mmWave) multiple-input multiple
output (MIMO) system is a promising technology to allow

next-generation mobile communications achieve gigabit-per-
second data rates for future indoor and outdoor communica-
tions [1]–[5]. Conventional MIMO systems are realized entirely
at baseband (BB). However, the fabrication cost and energy
consumption of high-frequency mixed signal components make
full-digital precoders impractical due to the large number of
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Fig. 1. System block diagram of a mmWave MIMO system using a hybrid
analog/digital structure at both the transmitter and receiver.

radio-frequency (RF) chains in mmWave MIMO systems with
tens-to-hundreds of antennas.

To address the RF chain issues, a more efficient hybrid ana-
log/digital structure is proposed in [6]–[9]. Fig. 1 shows a hybrid
structure, where the array signal processing is partitioned into
a RF precoder cascaded with a baseband precoder. The RF pre-
coder controls the phases of the signals that travel into and out of
the antenna elements via pure analog phase shifters to generate
several beams toward the dominant paths in mmWave channel.
Meanwhile, the BB precoder provides an additional level of
flexibility over the constant-gain/phase-only operations at the
RF precoder. Due to the sparse nature of mmWave channels
[6], the number of RF chains required for the hybrid structure
is much lower than the number of antennas while achieving a
similar performance with a full-digital precoder. However, these
solutions [6]–[9] have two major issues in practice:

1) High complexity for acquiring an optimal full-digital pre-
coder: Designing a hybrid precoder requires an optimal
full-digital precoder, which is usually obtained from the
dominant singular vectors of an explicit spatial domain
channel matrix. In mmWave MIMO, the singular value
decomposition (SVD) computations of the explicit chan-
nel matrix are complicated due to the large number of
antennas. Also, hybrid precoder designs are usually done
at the receiver to reduce feedback overhead [6]. There-
fore, the implementation of SVD becomes infeasible.
In addition, [6]–[9] also require full channel state
information (CSI) to calculate the optimal full-digital

1053-587X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.



CHEN et al.: COMPRESSIVE SENSING (CS) ASSISTED LOW-COMPLEXITY BEAMSPACE HYBRID PRECODING 1413

precoder. A high training overhead for explicit channel
estimation is expected due to the high-dimensional space
in mmWave MIMO.

2) High complexity for the hybrid precoder design: After
acquiring the optimal full-digital precoder, the hybrid
precoder design can be formulated as a sparse optimiza-
tion problem in [6]. The hybrid precoder design can then
be solved by simultaneous orthogonal matching pursuit
(SOMP) [11], a modified multiple-measurement-vector
(MMV)-solver of orthogonal matching pursuit (OMP)
[21]. This approach can achieve near-optimal perfor-
mance. However, SOMP requires “matrix inversion” for
calculating the optimal baseband precoder, which leads to
high complexity from a hardware perspective. Hence, sev-
eral approaches [8]–[9] have been proposed to simplify the
matrix inversion computation and to reduce the iterations
in matching pursuit by applying the Schur-Banachiewicz
blockwise inversion in [23]. Nevertheless, [8]–[9] have a
longer calculation latency for the iterative matrix updat-
ing of blockwise inversion. In summary, [6]–[9] cannot
completely avoid the matrix inversion calculations.

In this paper, we propose a novel hybrid precoder based
on Compressive Sensing (CS)-assisted beamspace CSI for
mmWave MIMO systems. Several methods based on CS tech-
niques [12]–[14] have been proposed to estimate the parameters
of the sparse channel paths in the mmWave channel with low
training overhead, including Angle-of-Departure (AoD), Angle-
of-Arrival (AoA), and a reduced-dimensional beamspace chan-
nel. In [15], it is also mentioned that CS is expected to be a key
technique to design computational efficient hybrid precoding
algorithms. Based on the concept of beamspace-MIMO [17],
[18], [19] which was developed for discrete lens arrays, com-
munications in mmWave channel happen in a lower dimensional
subspace, i.e., “beamspace”.

Inspired by above works, the proposed beamspace hybrid
precoding algorithm exploits the sparse nature of the mmWave
channel to substantially reduce complexity. The complexity of
the proposed algorithm is proportional only to the number of
channel signal propagation paths, e.g., channel sparsity, rather
than the number of antennas in conventional schemes. The main
contributions of this paper are summarized as follows:

1) Beamspace-SVD for optimal full-digital precoder acqui-
sition: Based on the CSI from the CS-based channel es-
timator, we propose an algorithm to acquire the optimal
full-digital precoder by performing SVD implicitly on the
reduced-dimensional beamspace channel rather than ex-
plicitly on the large-dimensional spatial domain channel.
The overall complexity is on the order of the terms of the
channel sparsity, which is much lower than the number of
antennas in mmWave MIMO. This can reduce the com-
putational complexity of acquiring the optimal full-digital
precoder by 99%.

2) CS-assisted beamspace hybrid precoding (CS-BHP):
By combining beamspace-SVD and a Discrete Fourier
Transform (DFT)-based RF beamforming codebook, we
propose a hybrid precoding algorithm directly based
on CS-assisted beamspace CSI. The CS-BHP algorithm

eliminates matrix inversion computations and matching
pursuit iterations. Moreover, the overall algorithm is pro-
cessed in the low-dimensional beamspace CSI. Therefore,
the CS-BHP algorithm can reduce the computational com-
plexity by about 99% compared with [8]–[9].

The rest of this paper is organized as follows. We introduce the
system model and related hybrid precoding design algorithms
in Section II. In Section III, we present the beamspace-SVD
algorithm. The CS-BHP algorithm is proposed in Section IV.
In Section V, simulation results demonstrating the performance
of the proposed algorithms are given. Finally, we conclude the
paper in Section VI.

II. REVIEW OF MMWAVE MIMO HYBRID

PRECODING/COMBINING SYSTEM

A. Notations

The notations used in this paper are as follows:
� A is a matrix.
� a is a vector.
� a is a scalar.
� A is a set.
� ‖A‖F is the Frobenius norm of A.
� |A| is the determinant of A.
� trace(A) is the trace of A.
� A(:,l) is the lth column of A.
� E[A] is the expectation of A.
� diag(A) is a vector composed of diagonal elements of A.
� A(U ,J ) or A(U ,J ) is the submatrix of matrix A with

index sets U and J .
� AT , AH , and A−1 denote the transpose, conjugate trans-

pose and inverse of a matrix A, respectively.
� CN (a,A) is a complex Gaussian vector with mean a and

covariance matrix A.
� [A|B] is the horizontal concatenation.
� a(i) is the ith element of a vector a.
� |U| is the cardinality of U .
� O(N) means the order is N .
� IN denotes a N × N identity matrix.

B. System Model

Consider the single-user mmWave MIMO system shown in
Fig. 1. The BS and UE are equipped with Nt transmit and
Nr receive antennas, respectively. The BS transmits NS data
streams to the UE. N t

RF and N r
RF RF chains are equipped at

the BS and UE respectively to enable multi-stream transmission
such that NS ≤ Nδ

RF ≤ Nδ , ∀δ ∈ {t, r}.
The BS is equipped with a hybrid precoder, which is com-

posed of a N t
RF × Ns baseband digital precoder, FBB , and a

Nt × N t
RF RF analog precoder, FRF . The RF precoder FRF is

realized by pure analog phase shifters with unit norm constraints
such that |F(i,j )

RF |2 = 1/Nt , ∀i ∈ {1...., Nt}. The total transmit
power constraint satisfies ‖FRFFBB‖2

F = NS . The precoded
discrete-time transmitted signals through the channel can be
written as

y =
√

ρHFRF FBB s + n. (1)
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s ∈ CNS ×1 is the input signal, H ∈ CN r×N t is the channel such
that E[||H||2F ] = NtNr , y ∈ CN r×1 is the transmitted signal,
n ∼ CN (0, σ2

nIN r ) is the noise received at the UE, and ρ is the
average path loss between the BS and UE. Finally, the received
signal post-processed by the hybrid combiner (WH

BBWH
RF ) at

UE is expressed as

ŷ =
√

ρWH
BBWH

RFHFRF FBB s + WH
BBWH

RFn. (2)

C. Millimeter-Wave Channel Model [7], [12], [16]

Because of the sparse property of the mmWave channel, we
adopt a widely used 2D narrowband frequency-nonselective
mmWave channel model with L individual scatterers, where
each scatterer is modeled by a single propagation path [7], [12],
[16]. The channel H in this model, which can be expressed as

H =

√
NtNr

L

L∑
l=1

αlar(ϕr
l ) aH

t (ϕt
l ). (3)

αl ∼ CN (0, 1), is the complex path gain of the lth scatterer.
ϕt

l and ϕr
l represent the azimuth angles of departure (AoD)

and the arrival (AoA) of the lth scatterer, respectively. at(ϕt
l )

and ar(ϕr
l ) are the array response vectors (beamforming vec-

tors) that correspond to the AoD and AoA of the lth scatterer.
We assume that both the BS and UE adopt an Nδ -elements
uniform linear array (ULA), hence at(ϕt

l ) and ar(ϕr
l ) can be

expressed as

aδ (ϕδ
l )=

1√
Nδ

[1, ej(2π/λ)d sin(ϕδ
l ) , ..., ej(Nδ −1)(2π/λ)d sin(ϕδ

l )]T ,

(4)
where λ and d represent the signal wavelength and the antenna
spacing respectively. Extension to a uniform planar array is
possible and straight forward [6]. Note that the channel in (3)
can also be represented as

H = Ar diag(α)AH
t , (5)

where α =
√

NtNr/L[α1 , α2 , ..., αL ]T is a vector that con-
tains the power on each propagation path. The Nt × L transmit
candidate matrix At and the Nr × L receive candidate matrix
Ar have the form

Aδ = [aδ (ϕδ
1),aδ (ϕδ

2), ...,aδ (ϕδ
L )]. (6)

Typically, the channel knowledge of the AoDs, the AoAs, and
the path gain can be acquired by the CS-based channel estima-
tor at the UE [12]–[14], where the channel estimation process is
formulated as a sparse optimization problem, and is described
in detail in Appendix. For a CS-based channel estimator, each
estimated AoA ϕ̂r

n and AoD ϕ̂t
m are taken from uniform quan-

tized grids such that ϕ̂t
m = 2πm/Gt , m = 0, 1, ..., Gt − 1 and

ϕ̂r
n = 2πn/Gr , n = 0, 1, ..., Gr − 1, where Gδ is the angular

resolution [12]–[14]. The quantized Nt × Gt transmit candi-
date matrix At and the Nr × Gr receive candidate matrix Ar
have the form

Âδ = [aδ (ϕ̂δ
0),aδ (ϕδ

1), ...,aδ (ϕδ
Gδ −1)]. (7)

Therefore, the estimated channel can be written as

Ĥ = ÂrĤbÂt , (8)

where Ĥb is a Gr × Gt sparse matrix. Due to the high path
loss of the mmWave channel, there are K � GtGr nonzero
(K-sparse) estimated path gains α̂ = [α̂0 , α̂1 , . . . , α̂K−1 ]T lo-
cated at the quantized AoA set J and quantized AoD set U such
that

Ĥ(i, j )
b =

{
α̂m , if (i ∈ J ) ∩ (j ∈ U)

0, elsewhere
, (9)

where m = 0, 1 . . . , K − 1 is the index of the estimated path
gain. For tractability, we assume |U| = L, i.e., Ĥb has only L
columns associated with the estimated AoDs that contain non-
zero entries. After performing CS-based channel estimation, the
UE will have information for the estimated the AoD set U , the
AoA set J , and the beamspace channel Ĥb .

D. Review of Hybrid Precoder Designs [6]–[9]

The objective of [6]–[9] is to design a hybrid precoder with
low-complexity to maximize the achievable rate over all possible
solutions of (FRF ,FBB ,WRF ,WBB), which is given by

R = log2 |INS

+
ρ

NS
R−1

n WH
BB WH

RFHFRFFBBFH
BBFH

RFHH WRFWBB |,
(10)

where ρ/σ2
n is the received SNR, and Rn = σ2

nWH
BBWH

RF
WRFWBB is the NS × NS noise covariance matrix after
combining.

Based on the mathematical derivations, the designs of the
precoder and the combiner are decoupled to avoid an intractable
solution [6]. This means that we can focus on the design of a
hybrid precoder FRFFBB with an optimal full-digital combiner.
Thus, the design problem can be reformulated as:

(Fopt
RF ,Fopt

BB ) = arg min
FR F ,FB B

‖Fopt − FRFFBB‖F

s.t. FRF(:, i) ∈ {Acan(:, k), 1 ≤ k ≤ L},∀ 1 ≤ i ≤ N t
RF

‖FRFFBB‖2
F = NS . (11)

Fopt = [v1 ,v2 , ...,vNS ] ∈ CN t×NS is the optimal full-digital
precoder with perfect channel knowledge, which consists of
right singular vectors associated with the largest NS eigenvalues
of H. That is,

H = UΣVH =
min(N r ,N t )∑

m=1

σmumvH
m , (12)

where U = [u1 ,u2 , ...,uN r ] ∈ CN r×N r and V = [v1 ,v2 , ...,
vN t ] ∈ CN t×N t are the left and right singular matrices of H
respectively. Σ ∈ CN r×N t is a diagonal matrix with all eigen-
values of H in a non-increasing order such that σ1 ≥ σ2 ≥ ... ≥
σmin(N r ,N t ) . Acan ∈ CN t×L is a candidate matrix where N t

RF
transmit array response vectors are chosen from. In [6], Acan is
equal to At in (6) such that it becomes an AoD based candidate
matrix. On the other hand, (11) is formulated as an optimization
problem with sparsity constraints in [6]–[9].
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Algorithm 1: Hybrid Precoder Reconstruction using
SOMP [6]–[7].
Require : Fopt ,Acan
1: FRF = Empty Matrix
2: Fres = Fopt
3: for i ≤ N t

RF do
4: Ψi−1 = AH

canFres

5: k = argmax
l=1,2,...,L

(Ψi−1Ψi−1
H )(l,l)

6: FRF = [FRF |A(:,k)
can ]

7: FBB = (FH
RFFRF)−1FH

RFFres

8: Fres = Fo p t−FR F FB B
‖Fo p t−FR F FB B ‖F

9: end for
10: FBB =

√
NS

FB B
‖FR F FB B ‖F

11: Return FRF ,FBB

In [6], (11) is solved by SOMP. The hybrid precoder designed
by SOMP is summarized in Algorithm 1. Although SOMP ex-
hibits near-optimal performance close to the optimal full-digital
precoder, it requires a matrix inversion in Step 7 to calculate the
least squares solution with O((N t

RF)3) complexity, which is
not suitable for hardware implementation. To solve this issue, a
parallel-index-selection matrix-inversion-bypass simultaneous
orthogonal matching pursuit (PIS-MIB-SOMP) based hybrid
precoder is proposed to calculate the inverse matrix iteratively
in [8]–[9]. However, algorithms in [8]–[9] with m degrees of
parallelism require the m × m matrix inverse to be calculated
during each iteration. Therefore it is difficult to extend [8]–[9]
to large antenna array.

III. PROPOSED BEAMSPACE-SVD ALGORITHM

In this paper, we assume that a CS-based channel estimator
can successfully detect the set U with corresponding estimated
beamspace channel Ĥb . After the channel is estimated using the
algorithm in [13], FRFFBB is designed based on the Nt × NS
optimal full digital precoder F̂opt , which consists of the right
singular vectors associated with the largest NS eigenvalues of
the estimated channel Ĥ .

In this section, we propose a low-complexity algorithm for
acquiring the approximate optimal right singular vectors of the
spatial domain channel.

A. Full-Digital Precoder Acquisition Using Beamspace-SVD

Instead of performing full-dimensional SVD on the spatial
domain channel Ĥ in Fig. 2(a), we seek to directly perform
SVD on the beamspace equivalent channel with reduced dimen-
sion, as shown in Fig. 2(b). This can reduce the computational
complexity and feedback overhead.

The Nr × Nt beamspace equivalent channel Hb can be ex-
pressed as:

Hb = AH
r,DFTHAt,DFT , (13)

where At,DFT and Ar,DFT are virtual transmitted and received
beamforming vectors consisting of DFT matrices [17]. DFT

Fig. 2. Processing flow of (a) conventional full-dimension SVD, and (b)
beamspace-SVD. In general, the number of channel paths L is much lower
than the number of transmit antennas Nt under mmWave MIMO systems.

matrices correspond to (7) when Gt = Nt , and Gr = Nr . Hence,
we have Ât = At,DFT , Âr = Ar,DFT , Ĥb ∼= Hb , and Ĥ ∼= H.

Note that Ĥb is a sparse matrix due to the characteristics of the
mmWave channel and Ĥ(j, i)

b is the propagation gain measured
with the jth DFT beamforming vector at the UE when the BS
transmits symbol sn = 1 on the ith DFT beamforming vector.
Since entries located outside of the quantized AoA setJ and the
quantized AoD set U are equal to zero, the information contains
in Ĥb is the same as the lower dimension channel

Hb = Ĥb(:, U), (14)

where Hb ∈ CN r×L is the lower dimension beamspace
sub-channel estimated by the UE when the BS uses DFT beam-
forming vectors associated with the set U . In practical imple-
mentation schemes, the overhead for acquiring F̂opt arises from
the fact that: 1) The complexity of performing SVD on Ĥ is
O(N 3

t ), which is extremely high since the number of antennas
is much larger than the sparsity of the mmWave channel. 2)
Ĥ contains Nr × Nt entries, which requires a huge amount of
feedback.

To overcome these problems, we first propose directly per-
forming SVD on the estimated beamspace sub-channel Hb , and
then deriving the relation between the right singular vectors of
Hb and F̂opt . The SVD of Hb is given by:

Hb = UbΣbVH
b , (15)

where Ub ∈ CN r×N r , Vb ∈ CL×L , and
∑

b ∈ CN r×L are the
left and right singular matrices, and the eigenvalue of the
beamspace sub-channel Hb respectively. Then, the autocorre-
lation matrix of Hb is given by

Rb = H
H
b Hb = VbΣH

b UH
b UbΣbVH

b

= VbΣH
b ΣbVH

b . (16)

Similarly, the autocorrelation matrix of Ĥ is given by

R̂ = ĤH Ĥ = VΣH UH UΣVH

= VΣH ΣVH . (17)

On the other hand, since Ĥ can be decomposed into
Ar,DFTHbA

(:,U)H
t,DFT , R̂ can be also expressed as

R̂ = ĤH Ĥ = A(:,U)
t,DFTH

H
b AH

r,DFTAr,DFTHbA
(:,U)H
t,DFT . (18)
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Fig. 3. Beam patterns of (a) optimal full-digital precoder with estimated chan-
nel, and (b) proposed beamspace-SVD with estimated channel.

Because Ar,DFT is DFT beamforming matrix, we have

AH
r,DFTAr,DFT = IN r . (19)

Substituting (16) and (19) into (18), R̂ can be simplified as

R̂ = A(:,U)
t,DFTH

H
b AH

r,DFTAr,DFTHbA
(:,U)H
t,DFT

= A(:,U)
t,DFTH

H
b HbA

(:,U)H
t,DFT

= A(:,U)
t,DFTVbΣH

b ΣbVH
b A(:,U)H

t,DFT . (20)

Comparing (17) with (20), we observe that both V and
A(:, U)

t,DFTVb form the column space of R̂. Base on (20), we
propose an optimal full-digital precoder acquisition algorithm,
i.e., beamspace-SVD, which it is summarized in Algorithm 2.

Algorithm 2: Optimal Full-digital Precoder Acquisition
using Beamspace-SVD Scheme.

Require: Hb ,A(:, U)
t,DFT

1: Hb = UbΣbVH
b

2: V = A(:, U)
t,DFTVb

3: F̂opt = V(:, 1 :NS)

4: Return F̂opt ,Vb

Hence, F̂opt can be viewed as the transform of the beamspace
right singular matrix Vb . Moreover, if the quantized transmit
candidate matrix Ât is assumed to be known to both the BS
and the UE, the feedback information contains only Vb and U .
This requires O(L2) entries rather than O(NtNS) entries when
feedback F̂opt is given explicitly. Fig. 3 plots the beam patterns
of different optimal full-digital precoder acquisition algorithms.
We can observe that the beam patterns of Fig. 3(a) and Fig. 3(b)
are the same, which satisfies the mathematical derivation.

B. Complexity Analysis of Beamspace-SVD

In this section, we analyze the computational complexity of
the proposed beamspace-SVD. We compare beamspace-SVD
with traditional full-dimension SVD in Table I. In Table I,
the computational complexity of SVD is analyzed using a
super-linear convergence SVD (SL-SVD) algorithm [22] as the

TABLE I
NUMBER OF CMACS FOR DIFFERENT SVD ALGORITHMS

Fig. 4. Computational complexity of full-dimension SVD and beamspace-
SVD versus Nt under different number of paths (L = 8, 12, 16).

performance metric. The computations, except for the beam-
former multiplication, are procedures that belong to the SL-SVD
algorithm. In [22], the basic computational cost unit is one com-
plex multiplier and adder (CMAC). The parameter Nt is the
number of transmit antennas, Nr is the number of receive anten-
nas, NS is the number of data streams, and Niter is the maximum
iteration for calculating each right singular vector, i.e., V(:, i)
and Vb(:, i), using SL-SVD.

Fig. 4 compares the computational complexity of full-
dimension SVD and the proposed beamspace-SVD versus Nt
under different number of paths (L = 8, 12, 16). This analysis
sets NS = 2, Nr = 8, and Niter = 4, where Nt varies from 16
to 64. We use this setting because the number of paths is much
lower than the number of transmit antennas for mmWave MIMO
communication [6]. For beamspace-SVD, since the beamspace
right singular vectors Vb are calculated by performing SVD
on the estimated beamspace channel Hb , we need a matrix
multiplication with NtL

2 CMACs to calculate F̂opt in Step 2
of Algorithm 2. On the other hand, for full-dimension SVD,
since CS-based channel estimator detect Hb instead of Ĥ,
(N 2

r L + NtNrL) additional CMACs are required for the beam-
former multiplication such that Ĥ = Ar,DFTHbA

(:,U)H
t,DFT .

It can be seen that the proposed beamspace-SVD reduces
the computational complexity by 99.4% (98.5%, 96.9%) with
L = 8 (12, 16), Nt = 64 when both right singular matrix ac-
quisition algorithms calculate the Nt × NS estimated full-
digital precoder F̂opt . This arises from the difference between
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the input dimensions of SVD, where NS < L << Nt satisfies
the sparse characteristics of the mmWave MIMO scenario [2].

Next, we compare data transfer and storage requirements.
From Fig. 2, it shows that there is a big gap in the input dimen-
sions of a) full-dimension SVD and b) beamspace SVD. That
is, the beamspace channel Hb now contains only Nr × L com-
plex entries, instead of Nr × Nt entries for the original spatial
domain channel Ĥ. The overall storage of CSI can be signifi-
cantly saved. For example, if the word length of each entry is
denoted by W bits, and we set Nt = 64, L = 6, Nr = 16, and
W = 16. Then, the total number of required bits per channel
can be reduced from 32,768 bits (Ĥ) to 3,072 bits (Hb ), which
leads to great reduction in both data storage and transmission of
the CSI data and parameters in executing our algorithm.

In conclusion, the proposed beamspace-SVD has following
merits:

� Complexity is reduced by 99.4% since the SVD is per-
formed on Hb rather than on Ĥ.

� Feedback entries are reduced from O(NtNS) to O(L2).
� Data transfer and storage requirements of the matrix data

can be reduced from 2(NrNtW ) to 2(NrLW ).

IV. COMPRESSIVE SENSING-ASSISTED LOW-COMPLEXITY

HYBRID PRECODING ALGORITHM

In this section, we present an orthogonal beamforming
codebook and a low-complexity beamspace hybrid precoding
algorithm for the systems shown in Fig. 1. First, a hardware-
friendly orthogonal beamforming codebook is designed based
on DFT. Second, we avoid the matrix inversion in spatially
sparse precoding by using orthogonal beamforming codebook.
Third, based on the beamspace right singular vector and the DFT
beamforming codebook, a low-complexity beamspace hybrid
precoding algorithm is proposed to approximate the achievable
rate of the optimal full-digital precoder.

A. Orthogonal Beamforming Codebook Design Based on DFT

In this subsection, we propose a codebook that avoids the
matrix inversion in SOMP by choosing a proper candidate ma-
trix Acan . The problems of candidate matrices in [6]–[9] are:
1) Matrix inversion is required to eliminate the interference from
the correlated candidate matrix At , 2) Accurate information for
the AoDs, i.e., At , is unavailable in real word applications, and
infinite resolution is required to represent it.

To avoid these issues, a suitable choice of Acan must sat-
isfy following properties: 1) The column vectors of Acan need
to be orthogonal to each other to avoid matrix inversion, and
2) The column vectors of beamforming codebook consists of
pre-defined entries.

Due to the spatially sparse characteristics of the mmWave
channel, the energy of the optimal right singular vectors will
spread on few AoDs. In [6], it is suggested that Acan must be
able to span the right singular matrix of channel Ĥ. Since the
right singular matrix is spanned by the transmit array response
vector At , a linear combination of columns of an eligible can-
didate matrix must be able to synthesize arbitrary At .

Motivated by these properties and the aforementioned
beamspace-MIMO, we propose using DFT codebook as the

Fig. 5. RF beam patterns with ULA phase shifters steered by (a) first and (b)
ninth DFT beamforming code.

Fig. 6. Illustration of the (a) correlation step, and (b) parallel index selection
step of SOMP with the DFT beamforming codebook.

candidate matrix, i.e., Acan = At,DFT , which has the form

A(:, k)
t,DFT =

1√
Nt

[1, e
−j 2 π (k −1 )

N t , ..., e
−j 2 π (k −1 ) (N t −1 )

N t ]T , (21)

where k = 0, 1, ..., Nt . Based on [20], it is well known that the
DFT codebook is the basis for the space that is spanned by array
response vectors with arbitrary directions on the 2D surface. By
employing the DFT codebook, the BS is able to steer signals
in Nt independent directions. In Fig. 5, a 16-elements ULA
is used to steer the DFT beam pattern of A(:, 1)

t,DFT and A(:, 9)
t,DFT

respectively.
The orthogonality of the DFT codebook means that there is

no correlation between its column vectors. Because the DFT
codebook has a constant column size and predefined entries
instead of information from the AoDs, it is suitable for hardware
implementation.

B. Spatially Sparse Precoding With Orthogonal Beamforming
Codebook [10]

In this subsection, we introduce the merit of spatially sparse
precoding with an orthogonal beamforming codebook. This cor-
responds to adopting the DFT codebook as the candidate matrix
Acan for SOMP. The framework is illustrated in Fig. 6.

For SOMP (Algorithm 1), to choose N t
RF array response

vectors from a candidate matrix and reconstruct the associated
baseband precoder, the correlation matrix between the opti-
mal full-digital precoder Fopt and the candidate matrix At is
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calculated first. Then, at the ith iteration in Steps 4 to 6, the
candidate array response vector that has the highest correlation
power with the optimal precoder is selected as the ith column
of FRF .

After selecting the highest correlated column, we can recon-
struct the corresponding baseband precoder FBB by obtaining
the least squares solution in Step 7. In Step 8, since the columns
of the AoD based candidate matrix At are correlated, it is nec-
essary to perform interference cancellation. This means that the
residual matrix Fres is recalculated by removing the component
contributed by the selected candidate beamforming vectors be-
fore selecting the next one. Nevertheless, when the candidate
matrix satisfies the requirement for orthogonality, e.g., At,DFT ,
the iterative process for selecting the best N t

RF beamforming
vectors can be performed in parallel since there is no correlation
between its columns vectors. Therefore, the matrix inversion for
calculating the least square solution can be avoided.

Based on the orthogonality of the DFT codebook in Fig. 6(a),
the power of the right singular vector that is distributed across Nt
beamforming directions is calculated in parallel by performing
correlation between Fopt and At,DFT . Hence,

Ψ0 = AH
t,DFTFopt . (22)

Ψ0 ∈ CN t×NS is the correlation matrix. Then, the power dis-
tributed in each beamforming direction can be calculated by

β = diag(Ψ0ΨH
0 ), (23)

where β ∈ CN t×1 is the vector with the ith entry equal to the
energy distribution of the right singular matrix Fopt in the ith

beamforming direction of DFT codebook A(:, i)
t,DFT . Since the

DFT beamforming vectors are uncorrelated and orthogonal to
each other, the N t

RF array response vectors can be found in
parallel by choosing the N t

RF columns from DFT codebook

FRF = At,DFT(:,V). (24)

V is the set corresponding to the largest N t
RF entries of β such

that |V| = N t
RF , as shown in Fig. 6(b). Note that this step no

longer requires an iterative interference cancellation process.
As all the N t

RF beamforming vectors are chosen, the corre-
sponding lower dimensional baseband precoder is calculated via
the least squares solution:

FBB = (FH
RFFRF)−1FH

RFFopt . (25)

Since FRF = At,DFT(:,V) consists of unitary DFT beamform-
ing vectors, the inverse of (FH

RFFRF) is equal to the identity
matrix. Then we have

FBB = (A(:,V)H
t,DFT A(:,V)

t,DFT)−1A(:,V)H
t,DFT Fopt

= A(:,V)H
t,DFT Fopt = Ψ0(V, :). (26)

From (26), it can be observed the least squares solution is sim-
plified to merely selecting rows of the correlation matrix Ψ0
associated with the set V . In other words, the matrix inversion
calculation can be completely omitted by replacing a correlated
candidate matrix with an orthogonal one.

Based on the above derivations, we summarize a spatially
sparse hybrid precoder design with an orthogonal beamforming

Algorithm 3: Orthogonality Based Matching Pursuit
(OBMP) [10].
Require: Fopt ,Acan,Orth.

1: Ψ0 = AH
can,Orth.Fopt

2: β = diag(Ψ0ΨH
0 )

3: V0 = Empty Set
4: for i ≤ N t

RF do

5: k = argmax
l=1,2,...,N t

β(l)

6: Vi = [V i−1 |k]
7: β(l) = 0
8: end for

9: FRF = Acan,Orth.(:,V)
10: FBB = Ψ0(V, :)
11: FBB =

√
NS

FB B
‖FR F FB B ‖F

12: Return FRF ,FBB

Fig. 7. Processing flow of (a) spatially sparse hybrid precoding, and
(b) beamspace hybrid precoding.

codebook in Algorithm 3, which is our previous work, orthogo-
nality based matching pursuit (OBMP) [10], where Acan,Orth.

represents the orthogonal candidate matrix.

C. Proposed Compressive Sensing Assisted Beamspace
Hybrid Precoding (CS-BHP)

Although Algorithm 3 can avoid matrix inversion, it still
requires an optimal full-digital precoder acquired by full-
dimension SVD with high computational complexity. Based on
the CS-based channel estimator, we develop a low-complexity
CS-assisted beamspace hybrid precoding algorithm, i.e., CS-
BHP, which combines the merits of the proposed beamspace-
SVD and the DFT codebook. This corresponds to Fig. 7(b). The
framework of the CS-BHP algorithm is illustrated in Fig. 8.

From the F̂opt given by the proposed beamspace-SVD
algorithm in Section III, the design of the hybrid precoder
FRFFBB can be followed by the sparse precoding block in
Fig. 7(a) by adopting Algorithm 3 with the reduced computa-
tional overhead of full-dimension SVD and without matrix in-
version. However, we note that F̂opt is first given by the matrix

multiplication of A(:, U)
t,DFT and V(:, 1:NS )

b , and then decomposed
into a two stage hybrid precoder. This implies some redundant
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Fig. 8. Illustration of the (a) outer product step, and (b) parallel-index-
selection step of CS-BHP.

calculations. On the other hand, for a Nt × Nt DFT candidate
beamforming matrix in Algorithm 3, the correlation matrix Ψ0
requires O(N 2

t NS) complex multiplications to calculate the en-
ergy spreads on Nt directions. Moreover, since the correlation
matrix for SOMP needs to be calculated for N t

RF iterations,
the overall complexity becomes O(N t

RFN 2
t NS), which is much

larger than in Algorithm 3.
Motivated by the beamspace-SVD algorithm, F̂opt can be

viewed as the transform of the beamspace right singular vectors
as derived in Section III, and we observe that the correlation
matrix Ψ0 in (22) can be further expressed as:

Ψ0 = AH
t,DFT F̂opt

= AH
t,DFTA(:, U)

t,DFTV(:,1:NS )
b . (27)

Because the DFT matrix is orthogonal, only the entries within
the estimated AoD set U are left, which can be expressed as

A(:, i)H
t,DFTA(:, U)

t,DFT =

{
1, if i ∈ U
0, elsewhere

. (28)

By substituting (28) into the correlation matrix in (27), we have

Ψ0(i, :) = A(:,i)H
t,DFTA(:, U)

t,DFTV(:,1:NS )
b

=

{
Vb(k, 1 : NS), if i = U(k)

0, elsewhere
. (29)

From (29), it can be seen that the power spread to the ith es-
timated AoD Ψ(i,:)

0 is exactly the same as the entries of the

beamspace right singular vectors V(k, 1:NS )
b if the index i be-

longs to the estimated AoD set U , and is otherwise equals to

zero. This implies that the matrix multiplication step for acquir-
ing F̂opt in Step 2 of the beamspace-SVD and the correlation

step in (22) are avoided since V(:, 1:NS )
b is initially acquired

from the estimated beamspace channel Hb .
Since the information for Ψ0 is contained in Vb , we observe

that (23) can be simplified as

β(l) = Ψ(l,:)
0 Ψ(:l,:)H

0

=

{
V(k ,1:NS)

b V(k ,1:NS)H
b , if l = U(k)

0, elsewhere
. (30)

This means that β(l) can be acquired by performing outer prod-
uct on V(:,1:NS )

b , as shown in Fig. 8(a).
Then, the RF beamforming vector selection in Steps 4–8 of

Algorithm 3 reduces to choosing the index associated with the
N t

RF largest values from L diagonal entries of the outer product

matrix V(:,1:NS )
b V(:,1:NS )H

b . This procedure determines the set
V by selecting the best N t

RF beamforming directions from the L
directions associated with the estimated AoD set U in parallel.
This corresponds to Fig. 8(b).

After the setV has been chosen, we have the RF beamforming
vectors given in Step 9 of Algorithm 3. Then, in Algorithm 3
the baseband precoder FBB is calculated via the rows in the
correlation matrix associated with the set V . However, since
we have shown that the information of Ψ0 is contained in
beamspace right singular vectors Vb , the baseband precoder
FBB can be further derived as

FBB = Ψ0(V, :)

= A(:,V)H
t,DFT F̂opt

= A(:,V)H
t,DFT A(:, U)

t,DFTV(:,1:NS )
b

= Vb(W, 1:NS), (31)

where W is the set of row vectors of V(:, 1:NS )
b that corre-

sponds to the RF beamforming vectors within the setV such that
|W| = N t

RF . This step means that FBB is designed by selecting

rows of V(:, 1:NS )
b with the largest N t

RF row powers. As with
Algorithm 3, the matrix inverse is also avoided, and FBB also
need to be normalized as in Step 10 of the SOMP. Based on the
above derivations, the proposed CS-BHP algorithm is summa-
rized in Algorithm 4.

With the aid of the beamspace CSI from the CS-based chan-
nel estimator, the proposed CS-BHP designed hybrid precoder
implicitly based on the estimated AoDs A(:, U)

t,DFT and on the

beamspace right singular vectors V(:, 1:NS )
b acquired from the

beamspace-SVD. This can reduce redundant matrix multiplica-
tion when compared to explicit full-dimension SVD.

Moreover, CS-BHP eliminates the overhead for computing
correlation matrix Ψ0 in (22) since we only need to find N t

RF
estimated quantized AoDs from L directions within the set U
rather than Nt quantized AoDs on the whole 2D surface. Fur-
thermore, the matrix inverse for calculating FBB can also be
avoided.
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Algorithm 4: Hybrid Precoder Reconstruction using
CS-BHP.

Require: V(:,1:NS )
b ,A(:, U)

t,DFT

1: γ = diag(V(:,1:NS )
b V(:,1:NS )H

b )
2: W0 = Empty Set
3: for i ≤ N t

RF do

4: k = argmax
l=1,2,...,L

γ(l)

5: Wi = [W i−1 |k]
6: γ(l) = 0
7: end for

8: FRF = At,DFT(:, UW)
9: FBB = Vb(W, 1 : NS)

10: FBB =
√

NS
FBB

‖FRFFBB‖F

11: Return FRF ,FBB

TABLE II
NUMBER OF COMPLEX MULTIPLICATIONS IN THE iTH ITERATION

D. Complexity Analysis of Hybrid Precoding

In this subsection, we analyze the complexity of the proposed
CS-BHP. We compare it with PIS-MIB-SOMP [8] and with
sliding window-index-selection matrix-inversion-bypass simul-
taneous orthogonal matching pursuit (SWIS-MIB-SOMP) [9]
because only [8] has a hardware implementation, and is im-
proved in [9] with reduced index-selection complexity. We
also compare it with our previous work, orthogonality based
matching pursuit (OBMP) [10]. We compare the complexity in
terms of the number of complex multiplications and additions in
Tables II and III respectively [8], [9]. This analysis also consid-
ers the degree of parallelism.

The parameter m in Tables II and III represents the degree
of parallelism of the PIS-MIB-SOMP and SWIS-MIB-SOMP
for updating the least squares solution. The computational
complexity of the hybrid precoding algorithms is analyzed by
following the same setting in [8] such that m = 1, 8, 16, Nt =

TABLE III
NUMBER OF COMPLEX ADDITIONS IN THE iTH ITERATION

N t
RF = L = N , and NS = floor(N/2). On the other hand, the

number of complex multiplications and additions of OBMP
are given by L × Nt × NS + Nt × NS and L × (Nt − 1) × NS
+Nt × (NS − 1) respectively.

We can observe that the matrix inversion parameters A, V,
and G−1

i in [8], [9] are eliminated for the case of CS-BHP, this
is because there is no matrix inverse for CS-BHP. In Fig. 9,
we compare the computational complexity of [8], [9], [10], and
CS-BHP versus Nt . In Tables IV and V, the number of complex
multiplications and the additions of CS-BHP are reduced by
99.6%, 99.6%, 98.5% with Nt = 64 for m = 1 in comparison to
PIS-MIB-SOMP, SWIS-MIB-SOMP, and OBMP, respectively.
This is because that for CS-BHP, the correlation matrix Ψ0 is
reduced simply to a row power selection on the beamspace right
singular vectors V(:,1:NS )

b , and there is no matrix inversion for
calculating FBB .

In summary, the proposed CS-BHP combines the merits of
beamspace-SVD and DFT codebook, and achieves:

� 99.6% complexity reduction.
� No calculation for the correlation matrix Ψ0 .
� No matrix inversion for calculating FBB .
We summarize the comparison among different hybrid pre-

coding algorithms in Table VI.

V. PERFORMANCE ANALYSIS

In this section, we present simulation results from the pro-
posed beamspace-SVD algorithm, the orthogonal beamforming
codebook, and the CS-assisted beamspace hybrid precoding al-
gorithm mentioned in Sections III and IV.

A. System Configuration and Channel Model

We consider a single-user MIMO system. The BS is equipped
with Nt = 64 antennas and the UE has Nr = 16 antennas. Both
adopt ULA with antenna spacing of d = λ/2. We assume that
during the estimation phase, the UE adopts pure analog beam-
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Fig. 9. Computational complexity of the proposed CS-BHP and related hybrid
precoding algorithms in terms of the number of complex (a) multiplications and
(b) additions under different degrees of parallelism.

TABLE IV
COMPUTATIONAL SAVINGS OF COMPLEX MULTIPLICATIONS WITH DIFFERENT

DEGREES OF PARALLELISM

TABLE V
COMPUTATIONAL SAVINGS OF COMPLEX ADDITIONS WITH DIFFERENT

DEGREES OF PARALLELISM

formers to estimate the channel, and during the downlink trans-
mission phase, the UE adopts a full-digital MMSE combiner [6].
The mmWave channel is modeled by eight propagation paths
(L = 8) with AoDs and AoAs assumed to be uniform distributed
between [0, 2π]. This system is assumed to operate at 28 GHz

TABLE VI
COMPARISON OF EXISTING WORK

carrier frequency with an 100 MHz bandwidth, path-loss expo-
nent is equal to 3 [12].

We calculate the spectral efficiency of the proposed hybrid
precoding algorithm by (10) with full-digital MMSE combiner
WMMSE = (1/

√
ρ){FH HH HF + (σ2

nNS/ρ)INS }−1FH HH

adopt-ed at the UE side. F can be either a full digital precoder
(Fopt /F̂opt) or a hybrid precoder FRFFBB . All simulation
results for spectral efficiency are averaged over 3000 random
channel realizations.

We assume that the estimated AoDs and AoAs are quantized
with grids such that Nt = Gt = 64 and Nr = Gr = 16. The
estimated 16 × 8 beamspace channel Hb and estimated
AoDs set U are acquired by the CS-Channel estimation al-
gorithm in [13] with detailed settings as follows: P(m,n) =
ejϕ(m,n) , where ϕ(m,n) is uniformly and randomly chosen
from {0, 2π/N t

Q , ..., (N t
Q − 1)2π/N t

Q}, which is the quantized
phase with N t

Q = 6 partitions. The number of training beam-
former is set to Mt = 32. For simplicity, at the UE side we set
the measurement beamforming matrix Q = Ar,DFT such that
the UE adopts Mr = 16 DFT beamforming vectors for each pn .
The channel is recovered via SOMP after MtMr = 512 succes-
sive time slots. The hybrid precoders are later designed based
on the estimated beamspace channel Hb and the quantized AoD
beamforming vectors A(:, U)

t,DFT .

B. Spectral Efficiency Versus SNR

In Fig. 10, we compare the performance of full-dimension
SVD with (a) perfect channel knowledge, (b) estimated channel
knowledge, and (c) beamspace-SVD with estimated channel
knowledge under 64 × 16 mmWave MIMO systems. Here the
BS and the UE communicate via NS = 1 and NS = 2 data
streams. From this figure we can observe that (b) and (c) exhibit
same performance, which achieves 95% of (a) at SNR = 0 dB.
This result satisfies the mathematical derivation in Section III. It
also means that we can employ beamspace-SVD to acquire the
estimated full-digital precoder F̂opt , i.e., the blue line in Fig. 10,
with reduced complexity.

The performance loss mainly arises from the angle quantiza-
tion error and the estimation error, which do not greatly affect
the performance.
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Fig. 10. Achievable rate of proposed beamspace-SVD and full-dimension
SVD for 64 × 16 mmWave MIMO systems vs. SNR.

Fig. 11. Achievable rate of the proposed CS-BHP and prevailing hybrid pre-
coding algorithms for 64 × 16 mmWave MIMO systems vs. SNR.

In Fig. 11, all hybrid precoding algorithms except for the
AoD based SOMP hybrid precoder apply the DFT codebook
as the candidate beamforming matrix. Here the number of RF
chains is set to N t

RF = 4 for all hybrid precoding algorithms.
The proposed CS-BHP achieves same performance as SOMP,
PIS-MIB-SOMP, SWIS-MIB-SOMP, and OBMP with the DFT
candidate matrix. This result is consistent with the mathematical
derivation represented in Section IV.

Since each AoD in AoD based candidate beamforming ma-
trix is represented with infinite resolution, the hybrid precoder
design based on it can form beam patterns that have better per-
formance than the DFT codebook. Nevertheless, adopting DFT
codebook can greatly reduce the computational complexity with
a mere 5% performance loss. Therefore, it is a hardware-friendly
candidate matrix.

Fig. 12. Achievable rate of the proposed CS-BHP for 64 × 16 mmWave
MIMO systems vs. SNR.

C. Performance Gap Between CS-BHP and Optimal
Full-Digital Precoder

In Fig. 12, we compare the performance of the proposed CS-
BHP when the number of RF chains varies from N t

RF = 2 to
N t

RF = 8. The SNR is set to 0 dB. Here, the CS-BHP adopts
the DFT candidate matrix. We observe that as the number of RF
chains increases, the spectral efficiency of the hybrid precoder
will approximate F̂opt , i.e., the optimal full-digital precoder
with estimated channel knowledge.

The performance gap between CS-BHP and the optimal full-
digital precoder Fopt arises from the fact that the hybrid pre-
coder is calculated based on the estimated channel, which is
reasonable intuitively.

D. Spectral Efficiency of CS-BHP Versus SNR and N t
RF

In Fig. 13, we compare the performance of the proposed CS-
BHP with the number of RF chains varying from N t

RF = 2 to
N t

RF = 4 versus SNR. Here we adopt the DFT codebook as
the candidate matrix. We can observe that as the number of RF
chains increases, the performance gaps between the proposed
CS-BHP and F̂opt become smaller for different SNRs.

E. Bite Error Rate of Versus SNR

In Fig. 14, we compare the proposed hybrid precoding
algorithm with existing works in terms of BER. Here the num-
ber of RF chains is set to N t

RF = 4 for all hybrid precoding
algorithms, which is the same as in Fig. 11. The modulation
scheme here is QPSK. We observe that the proposed CS-BHP
exhibits same BER performance as SOMP, PIS-MIB-SOMP,
SWIS-MIB-SOMP, and OBMP with DFT candidate matrix
given different numbers of data streams.

Similarly, the hybrid precoder algorithms that adopts the DFT
candidate matrix has a slightly higher performance loss than
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Fig. 13. Achievable rate of the proposed CS-BHP with different numbers of
RF chains for 64 × 16 mmWave MIMO systems vs. SNR.

Fig. 14. Bit error rate of the proposed CS-BHP for 64 × 16 mmWave MIMO
systems vs. SNR.

the AoD based SOMP hybrid precoder. This is consistent with
Fig. 11.

VI. CONCLUSIONS

In this paper, we present a CS-assisted low-complexity opti-
mal full-digital precoder acquisition algorithm and a beamspace
hybrid precoding algorithm for a single-user mmWave MIMO
system. We propose using beamspace-SVD to acquire the es-
timated optimal full-digital precoder with the assistance of a
CS-based channel estimator. We introduce a hybrid precoding
algorithm based on the orthogonal beamforming codebook that
avoids the matrix inversion in the baseband precoder design.
We consider the practical hardware implementation constraints
as well. We propose a CS-BHP that combines the merits of

the proposed beamspace-SVD and the DFT-based orthogonal
beamforming codebook, and designs the hybrid precoder im-
plicitly with beamspace CSI rather than explicitly in the spatial
domain. The proposed algorithms exhibit same performance as
related works via simulation results with greatly reduced com-
putational complexity.

This work focuses on the analysis of proposed algorithms
with software simulation. The analysis of the data transfer rate
under certain implementation may be considered as future work.

APPENDIX

Review of CS-Based Channel Estimation [12]–[14]

The main objective of the CS-based channel estimator in
[12]–[14] is to estimate the channel’s AoD , AoA, and path gain
with low training overhead. During the estimation phase the BS
continuously transmits Mt training beamforming vectors pn

such that P = [p1 ,p2 , ...,pM t ] becomes a training beamform-
ing matrix, while the UE adopts Mr measurement beamforming
vectors Q = [q1 ,q2 , ...,qM r ] to receive each pn . Both the BS
and UE adopt a single RF chain to transmit and receive signals
for each training time slot [13]. After MtMr successive time
slots, the received signal at the UE becomes

Y =
√

PQH HP + E, (32)

where Y ∈ CM r×M t is a matrix that consists of received signals,
P is the total transmit power, and E= QH N ∈ CM r×M t is the
noise matrix respectively. Based on the identity vec(ABC) =
(CT ⊗ A)vec(B), the received matrix Y then is vectorized to

y = ΦΨα + e, (33)

where y = vec(Y), e = vec(E), Φ =
√

P(PT ⊗ QH ), and

Ψ ∈ CN t
N r×L

is a matrix whose column vectors consist of
a∗

t (ϕ
t
l ) ⊗ ar(ϕr

l ), l = 0, 1, ..., L, i.e., the Kronecker product
of transmit and receive array response vectors. With the
assumption that AoAs and AoA are taken from uniform
quantized grids [12]–[14], y can be approximated as

y = ΦΨ̂vec(x) + e, (34)

where Ψ̂ ∈ CN t
N r×G t G r is a candidate matrix where each

column vector consists of a∗
t (ϕ̂

t
m ) ⊗ ar(ϕ̂r

n ), and x ∈ CG t G r×1

is a sparse vector which contains the information of propagation
loss for each quantized AoA and AoD pair. Then the estimated
AoAs and AoDs are estimated by solving

supp(x) = argmax(Ψ̂H ΦH y), (35)

where supp(x) is the support, i.e., index set of non-zero entries
of x estimated by CS algorithms such as Orthogonal Matching
Pursuit (OMP) [21], then the beamspace channel is recovered
by Ĥb = vec−1(x).
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