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Abstract—Large-scale antenna systems are considered as a vi-
able technology to compensate for huge path loss in millimeter-
wave (mmWave) communications. However, due to the massive
antennas, the channel state information (CSI) acquisition is costly
and challenging. In this paper, we develop a novel compressive
channel estimation framework based on multiple measurement
vectors (MMV). Compared with conventional single measurement
vector (SMV)-based approach, the proposed framework exploits
structural sparsity exhibited in the relatively rich local scatter-
ing mmWave channels to greatly reduce the training and com-
putational overheads. Moreover, we propose a channel subspace
matching pursuit (CSMP) algorithm based on the MUltiple SIg-
nal Classification (MUSIC) as an MMV solver. By leveraging the
benefits of MUSIC, the proposed CSMP can properly exploit the
diversity gain from structural sparsity, and further improve the es-
timation quality via the superresolution capability. Meanwhile, an
efficient implementation method of the proposed CSMP is also pre-
sented. Compared to the conventional MMV solver, the proposed
CSMP exhibits much lower complexity. Finally, several simulation
results show that the MMV-based CSMP achieves significant per-
formance gains over other estimation algorithms, especially when
the angular resolutions are high. Regarding the computational cost,
the simulation result shows that the MMV-based estimation algo-
rithms are approximately two orders of magnitude smaller than
the SMV-based estimation algorithms.

Index Terms—Millimeter-wave communications, large-scale an-
tenna systems, beam training, channel estimation, compressive
sensing, multiple measurement vectors (MMV), MUSIC, SOMP.

I. INTRODUCTION

M ILLIMETER-WAVE (mmWave) communication is a
promising technology for next-generation (5G) mobile

cellular systems [1]. It enables gigabit-per-second data rates to
meet the future demands for mobile traffic by leveraging the
abundant frequency spectrum resource. To ensure coverage of a
serving cell in mmWave bands, large-scale antenna systems are
fundamental for providing beamforming gain to compensate for
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Fig. 1. Schematic of CS-based CSI acquisition. During the downlink beam
training, the compressive training beams are swept from both sides to measure
the channel. After the beam sweeping, the compressive channel estimation is
performed according to the channel measurements collected by the UE.

huge path loss [2]. Because of this, channel state information
(CSI) is necessary for both the base station (BS) and user equip-
ment (UE) for realizing the beamforming techniques. To acquire
the CSI in large-scale antenna systems, beam training is typically
adopted to measure the mmWave channels [3]. In a straightfor-
ward approach, a set of directional beams are swept from both
sides to exhaustively scan all the possible directions. However,
when large-scale antenna systems deploy with a large number of
directional beams to cover a cell, the training overhead induced
by exhaustive search becomes unbearable.

As we know, mmWave channels have only a few spatial paths
due to the limited scattering effect [4], [5]. In mmWave large-
scale antenna systems, the number of spatial paths is relatively
small compared with the size of channel matrix. Thus, mmWave
channels are typically sparse under an appropriate spatial basis.
By exploiting the sparse nature of mmWave channels, several
works [6]–[10] have been proposed to reduce the training over-
head via compressive sensing (CS) [11]–[13]. In the CS-based
CSI acquisition, as shown in Fig. 1, a set of compressive training
beams (beamforming vectors) are swept to measure the chan-
nels rather than directional beams. Each compressive training
beam is generated by choosing a set of i.i.d. unimodular entries
with random phases. Since the phases are chosen in random,
the compressive training beam does not focus on any partic-
ular direction. After the beam sweeping, the sparse Angle-of-
Departure/Angle-of-Arrival (AoD/AoA) pairs and correspond-
ing path gains will be determined via compressive channel es-
timation based on the single measurement vector (SMV)-based
sparse recovery [14]. The CS-based CSI acquisition can achieve
a comparable performance to that of the exhaustive search, by
sweeping only a few compressive training beams. Three issues,
however, often arise in practice:
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1) Relatively rich local scattering effect: Several works [15]–
[17] have indicated that the sparsity level (i.e., the num-
ber of spatial paths) of mmWave channels is larger than
expected in practical scenarios. The field measurements
show that the mmWave channels exhibit relatively rich lo-
cal scatterers when the UE is located at low elevation and
surrounded by numerous reflective objects, such as urban
environments. As a result, the SMV-based sparse recov-
ery usually requires more training overhead to guarantee
estimation quality when sparsity level is larger.

2) Quantization error caused by the discrete virtual channel:
In the CS-based estimation problem, the physical channel
is typically approximated via the discrete virtual chan-
nel, which describes the AoD and AoA by fixed virtual
angles with finite angular resolutions. However, the phys-
ical AoA and AoD are actually continuous. As a result,
the estimation accuracy will be limited by quantization
error [10]. The adoption of virtual angle grids with super-
resolution is usually suggested to reduce the impact from
quantization error. However, the improvement requires
more training overhead for estimating the larger size of
discrete virtual channel due to the higher angular resolu-
tions.

3) Computational cost from the SMV-based sparse recovery:
To estimate mmWave channels, the SMV-based approach
stacks the discrete virtual channel coefficients into a long
channel vector. Since up to 256 antennas at the BS and
up to 32 antennas at the UE were considered by 3GPP
[18], the size of channel vector will be increased to 8,192.
Furthermore, when the angular resolutions are configured
to be larger than the antenna sizes at both sides to reduce
quantization error, it will result in explosive growth of
computational cost from recovering the prohibitive size
of discrete virtual channel vector.

In this paper, we consider the CS-based CSI acquisition for
mmWave large-scale antenna systems, and propose a novel com-
pressive channel estimation framework based on multiple mea-
surement vectors (MMV). The main contributions of this work
are briefly summarized as follows:

� Two-step procedure for compressive channel estimation
based on MMV: We first utilize the MMV formulation to
exploit structural sparsity exhibited in the relatively rich
local scattering channels, and then develop a two-step pro-
cedure for compressive channel estimation. In the first step,
the common support in the structurally sparse channel,
which is referred to as the index set of AoDs, is deter-
mined by the MMV solver. Then, given the knowledge of
each AoD, the original estimation problem is simplified to
estimate the reduced-dimension effective channel, which
can be derived by the least-squares (LS) estimation. Since
the common sparsity level only depends on the number of
AoDs rather than number of AoD/AoA pairs, the proposed
MMV-based approach can keep a low training overhead in
the relatively rich local scattering channels. Finally, under
the same number of channel measurements, the simula-
tion results show that the MMV-based estimation algo-
rithms achieve better estimation qualities than that of the

SMV-based estimation algorithms. Moreover, the compu-
tational cost of the MMV-based estimation algorithms is
approximately two orders of magnitude smaller than that
of the SMV-based estimation algorithms.

� MUSIC-based MMV solver for super-resolution virtual
angle estimation: To deal with the virtual angle estimation
of AoDs, we propose a novel MMV solver based on the
MUltiple SIgnal Classification (MUSIC) [19] via the fact
that the channel subspace is spanned by the array steer-
ing vectors of the AoDs. Thanks to the MMV, the channel
subspace can be acquired approximately from the channel
measurements. The MUSIC has been proven as an optimal
MMV solver that can exploit the diversity gain from struc-
tural sparsity [20], [21]. Furthermore, as we know, MUSIC
is a super-resolution estimation algorithm [22], [23] that
exhibits the capability of accurate estimation with very
high resolution to reduce quantization error. However, its
recovery guarantee cannot be held when the rank of chan-
nel subspace is defective. On the other hand, owing to the
leakage phenomenon caused by discrete channel modeling
[24], the MUSIC suffers from a large performance degra-
dation induced by the spatial interferences. To leverage the
benefits of the MUSIC while avoiding the technical issues
mentioned above, we propose a channel subspace match-
ing pursuit (CSMP) based on the greedy MUSIC [25].
Com- pared to the conventional MMV solver, i.e., the si-
multaneous orthogonal matching pursuit (SOMP) [26], the
proposed CSMP has much lower complexity. Moreover,
simulation results show that the CSMP achieves signifi-
cant performance gains over other estimation algorithms
in terms of both the estimation quality and training over-
head, especially when the angular resolutions are high.

The rest of the paper is organized as follows. In Section II,
we introduce the system and channel models and review the
SMV-based estimation algorithms. In Section III, we formulate
the MMV-based estimation problem and develop a two-step
estimation procedure. Then, the MUSIC-based MMV solver is
proposed. In Section IV, we present an efficient implementtation
method for the proposed MMV solver, and compare its com-
plexity with the conventional MMV solver. Simulation results
showing the advantages of the proposed schemes over the ex-
isting methods are presented in Section V. Finally, we conclude
the paper with remarks in Section VI.

II. CHANNEL AND SYSTEM MODELS

A. Notation

Throughout this paper, a normal-faced letter a denotes a
scalar, a bold-faced lowercase letter a denotes a vector, and
a bold-faced uppercase letter A denotes a matrix. Other opera-
tions throughout this paper are defined as follows:
− supp(a) denotes the support of a, which is defined as a set

of indices corresponding to the non-zero entries of a.
− AΩ denotes the submatrix formed by collecting the

columns with indices in the set Ω.
− Ai,: and A:,j denote the i-th row vector and j-th column

vector of A, respectively.
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Fig. 2 Structural sparsity of mmWave channels due to the limited scattering
effects at the BS and relatively rich local scattering effect at the UE.

− AT , A∗, AH , A−1 , A†, and vec(A) are the transpose, con-
jugate, conjugate-transpose, inverse, pseudoinverse and
vectorization of A, respectively.

− A ⊗ B denotes the Kronecker product of A and B
− | · |, || · ||0 , || · ||, || · ||2 , and || · ||F denote the cardinal-

ity, 0-norm, 1-norm, 2-norm, and Frobenius norm, respec-
tively.

− E{·} and Tr{·} denote the expectation and matrix trace
operations, respectively.

B. Limited Scattering mmWave Channel Model

In the downlink beam training, the channel estimation of
each UE can be considered as an independent sub-system. Thus,
without loss of generality, we consider a mmWave large-scale
antenna system with a BS equipped with NBS antennas and a
reference UE equipped with NU E antennas, and both sides are
assumed to be equipped with half-wavelength spaced uniform
linear arrays (ULAs).

In mmWave bands, propagation paths typically experience
the huge path loss. Moreover, the penetration and reflection
losses are also much more significant than those at microwave
frequencies. As such, the mmWave channels are expected to
exhibit limited scattering with only a small number of propaga-
tion paths even in urban environments [4], [5]. The conventional
limited scattering channel model adopted in the previous CS-
based works [6]–[10] is typically assumed to be a sum of the
contributions of a small number of scattering clusters, each of
which contributes a single propagation path between the BS and
UE. However, since the BS is typically located at high eleva-
tion with fewer surrounding scatterers, and the UE is typically
surrounded by numerous reflective objects at low elevation in
urban environments, there are a relatively rich number of local
scatterers at the UE side, which has been indicated in the re-
cent field measurements for mmWave channels [15]–[17]. Thus,
each of the spatial paths departing from the BS may arrive at
several reception directions of the UE, as illustrated in Fig. 2.
The structurally limited scattering channel model has also been
adopted in the literature [27], [40]–[42]. Based on the above
facts, we assume that there are LAoD paths depart from the BS
with different AoDs, each of which contributes LAoA reception

directions with different AoAs at the UE. Under this assump-
tion, we consider a narrowband frequency-flat physical channel,
which can be expressed as

H =
√

NBS NU E

LAoD LAoA

×
LA o D∑
q=1

LA o A∑
p=1

αpqaR (θr
pq ) aH

T (θt
q ) ∈ CNU E ×NB S , (1)

where αpq denotes the complex gain of the path departing from
the physical AoD θt

q and arriving at the physical AoA θr
pq ,

where both the AoD and AoA are assumed to be continuous
and uniformly distributed over [0, 2π) in this paper. The com-
plex gains are modeled as i.i.d. random variables with com-
plex Gaussian distribution. The vectors aT (θt

q ) ∈ CNB S ×1 and
aR (θr

pq ) ∈ CNU E ×1 are the array steering vectors correspond-
ing to the AoD θt

q and AoA θr
pq , respectively. Note that the

physical channel is constrained by E [||H||2F ] = NBS NU E .
To apply the technique of CS, we use the virtual angular

domain (VAD) representation [28] to provide a discrete approx-
imation of the physical channel. Instead of taking AoDs and
AoAs from physical arbitrary angles, the VAD representation
describes them via fixed virtual angles with finite angular reso-
lutions. In the VAD representation, the discrete virtual channel
H̄ can be expressed as

H ≈ H̄ = ARH̄ωAH
T , (2)

where H̄ω ∈ CGR ×GT denotes the VAD channel matrix, and
AT ∈ CNB S ×GT and AR ∈ CNU E ×GR are the VAD transfor-
mation dictionaries consisting of the array steering vectors cor-
responding the transmit and receive virtual angle grids with
angular resolutions GT and GR , respectively. To well approxi-
mate (1), both the transmit and receive virtual angle grids should
be super-resolution, i.e., GT > NBS and GR > NU E . The n-th
column (i.e., array steering vector) in AT can be expressed as

A:,n
T =

1√
NBS

[
e−j (0)2π (n−1)/GT , . . . ,e−j (NB S −1)2π (n−1)/GT

]T

.

(3)
The dictionary AR can be written in a similar fashion.

The VAD channel matrix H̄ω is typically treated as a sparse
matrix containing only a few non-zero entries in the limited
scattering mmWave channels. However, due to the relatively
rich local scattering effect, more non-zero entries appear and
distribute in a few columns corresponding to the AoDs in H̄ω ,
as illustrated in Fig. 2. Consequently, given the physical chan-
nel model in (1), the VAD channel matrix exhibits structural
sparsity, i.e., there exists a common support Ω in H̄ω , such that

Ω =
⋃
i

supp(H̄i,:
ω ), |Ω| = LAoD � NBS , (4)

for i = 1, . . . , GR . The common support Ω is defined as the
union over the individual supports from all the row vectors of
H̄ω . In other words, even the number of non-zero entries are
more than we expected in practical mmWave channels, there are
only a few columns in H̄ω contain these non-zero entries, and
Ω are the indices of these columns.
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C. Compressive Channel Estimation Based on SMV

During the downlink beam training, the BS sweeps MBS

unit-norm training beams to measure the channel, and the UE
combines the received signal through MU E unit-norm training
beams. By stacking the MBS MU E channel measurements, we
have a resultant matrix, which can be written as

Y =
√

ρT QH HPZ + QH N ∈ CMU E ×MB S , (5)

where P = [p1 , . . . ,pMB S
] ∈ CNB S ×MB S contains the MBS

training beams swept at the BS, Q = [q1 , . . . ,qMU E
] ∈

CNU E ×MU E contains the MU E training beams swept at the UE,
and Z ∈ CMB S ×MB S is a diagonal matrix carrying the MBS

training symbols zm , for m = 1, . . . ,MBS , on its diagonal. As-
sume that all the training symbols are equal, namely, Z = IMB S

,
we have

Y =
√

ρT QH HP + QH N, (6)

where N ∈ CMU E ×MB S is the stacked noise matrix with i.i.d.
CN (0,σ2

n ) entries. The parameter ρT denotes the average re-
ceived power after the reference sequence carried by each train-
ing symbol is match filtered. Thus, ρT is usually larger than
the average received power during data transmission. Finally,
the UE can estimate H according to the resultant matrix Y and
training codebooks {P,Q}.

To exploit the sparsity of both AoDs and AoAs in mmWave
channels, we apply the VAD representation (2) to (6) to obtain

Y =
√

ρT QH ARH̄ωAH
T P + QH N. (7)

Then, we can vectorize (7) to a conventional SMV problem

ȳ =
√

ρT (PT A∗
T ⊗ QH AR )︸ ︷︷ ︸

ΦS

vec(H̄ω )︸ ︷︷ ︸
h̄ω

+vec(QH N) (8)

=
√

ρT ΦS h̄ω + vec(QH N). (9)

Here, ȳ = vec(Y) ∈ CMB S MU E ×1 denotes the vectorized re-
sultant matrix, ΦS ∈ CMB S MU E ×GT GR is the equivalent SMV
measurement matrix, and h̄ω ∈ CGT GR ×1 is a VAD channel
vector. From (9), estimating the support of h̄ω is equivalent to
deter- mining the sparse AoD/AoA pairs, which can be solved
by the following optimization

ĥω = arg min ||h̄ω ||1 ,
s.t. ||ȳ −√

ρT ΦS h̄ω ||2 ≤ εS ,
(10)

where εS ≥ || vec (QH N)||2 is an appropriately chosen bound
on the noise magnitude after combining. In addition, several
greedy SMV solvers have been proposed to find approximated
solutions of the 	1-norm optimization in low complexity, such
as orthogonal matching pursuit (OMP) [29]. Finally, once the
estimated VAD channel vector ĥω is obtained, the estimated
mmWave channel can be given by

Ĥ = ARvec−1(ĥω )AH
T (11)

Although the SMV-based compressive channel estimation
achieves a promising performance with low training overhead,
it has some disadvantages in practice:

1) As mentioned in Section II-B, mmWave channels usually
exhibit structural sparsity in relatively rich local scattering
environments. In this case, h̄ω tends to be a block-sparse
vector, and the conventional SMV solvers (e.g., the OMP)
require more channel measurements to guarantee recovery
from the increased sparsity level.

2) The quality of compressive channel estimation is limited
by quantization error due to the VAD representation [10].
In order to reduce the impact from quantization error,
both GT and GR should be larger than the number of
antennas, and the size of h̄ω will directly increase with
the product of transmit and receive angular resolutions
GT GR . As a result, the conventional SMV solvers require
more training overhead to recover h̄ω with larger size.
Moreover, when more antennas are considered to ensure
the coverage for a mmWave serving cell, the SMV solver
for recovering a large-size VAD channel vector will result
in prohibitive computational cost.

In fact, block-sparsity has been extensively studied and some
efficient SMV solvers [30]–[32] have been proposed to recover
the block-sparse vector using the uncertainty relation and block
coherence concept. By exploiting the block sparsity structure,
they show that the block-sparse vector can be recovered using
a fewer number of measurements. Recently, a burst-sparse re-
covery algorithm for massive MIMO channel estimation [33]
has been proposed to extend the recovery of block-sparse chan-
nels to burst-sparse channels, where the non-zero blocks can
occur at any location rather than the fixed block partition. In
[33], structural sparsity is mainly caused by the angle spread,
and the non-zero blocks may appear dynamically. However, in
this paper, the structural sparsity is caused by the relatively rich
local scatters, which can be well captured by the fixed sparsity
structure adopted in (4). On the other hand, as proved in [32], the
recovery performance of group-based SMV solvers [30]–[33]
highly rely on the sufficiently incoherent measurement of each
block to result in higher recovery thresholds than conventional
SMV solver. However, when the super-resolution virtual angle
grids are adopted, the coherence of the equivalent measurement
matrix is typically large since the VAD trans- formation dic-
tionaries AT and AR are redundant. In the simulation results,
we will show that the group-based SMV solver exhibits a huge
performance loss when AT and AR become more redundant.

To clarify the differences between the proposed MMV-based
compressive channel estimation and prior art in the literature,
we summarize the comparisons in Table I.

III. PROPOSED MMV-BASED COMPRESSIVE CHANNEL

ESTIMATION BY CHANNEL SUBSPACE MATCHING PURSUIT

A. Proposed Two-Step Procedure for Compressive Channel
Estimation Based on MMV

To exploit structural sparsity, we first adopt the MMV formu-
lation by rewriting (6) as

Ȳ = YH =
√

ρT PH HH Q + (QH N)H (12)

where Ȳ ∈ CMB S ×MU E contains the MU E measurement vec-
tors collected by the training beams qn , for n = 1, . . . , MU E .
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TABLE I
COMPARISON OF DIFFERENT APPROACHES FOR COMPRESSIVE CHANNEL ESTIMATION

Algorithm 1: Simultaneous OMP (SOMP).

Require: Ȳ and ΦM = PH AT = [φ1 , . . . , φGT
]

1: Initialization: set t = 0, Ω̂(0) =�, and Π⊥
Ω̂( 0 ) = IMB S

2: repeat
3: Update iteration counter: t = t + 1
4: Orthogonal projection: R(t) = Π⊥

Ω̂ ( t−1 ) Ȳ
5: Support selection rule:

j
(t)
SOM P = arg max

j /∈Ω̂ ( t−1 )

||(R(t))
H

φj ||2/||φj ||2
6: Update estimated common support:

Ω̂(t) = Ω̂(t−1) ∪ j(t)

7: Compute orthogonal projector:
Π⊥

Ω̂ ( t ) = IMB S
− ΦΩ̂ ( t )

M (ΦΩ̂ ( t )

M )†

8: until the terminating condition is met
return estimated common support Ω̂(t−1)

By applying the VAD representation (2) into (12), we can for-
mulate (12) as an MMV problem

Ȳ =
√

ρT PH AT︸ ︷︷ ︸
ΦM

H̄H
ω AH

R Q︸ ︷︷ ︸
H̄H

Q

+(QH N)H (13)

=
√

ρT ΦM H̄H
Q + (QH N)H , (14)

where H̄Q ∈ CMU E ×GT , and ΦM ∈ CMB S ×GT is the equiva-
lent MMV measurement matrix. Due to the structural sparsity of
H̄ω , there are only a few number of non-zero columns in H̄Q . To
determine the common support Ω corresponding to the non-zero
columns, which also denotes the index set of AoDs, the MMV
problem (14) can be solved by the following optimization.

ĤQ = arg min || diag (H̄H
Q H̄Q )||0

s.t. ||Ȳ −√
ρT ΦM H̄H

Q ||F ≤ εM ,
(15)

where εM ≥ ||QH N||F is an appropriately chosen bound on
the noise magnitude after combining. Since the common spar-
sity level of H̄Q is only related to the number of AoDs, its
required training overhead would not increase when there are
more relatively rich local scatterers at the UE side. Moreover,
when mmWave channels exhibit structural sparsity, multiple
spatial paths departing from the same AoD may arrive at dif-
ferent AoAs at the UE side. Therefore, in the MMV problem
(14), if the diversity gain from multipath of each AoD is ex-
ploited, the recovery performance (i.e., performance of the AoD

estimation) can be greatly improved. In [34], [35], it has been
proved and demonstrated that the structural sparsity within sig-
nal ensembles in the MMV problem can provide the diversity
gain to improve the recovery performance.

To solve the MMV problems, several solutions for the SMV
case are extended to the MMV case. For instance, the greedy
MMV algorithms extended from the OMP (e.g., the SOMP [26]
presented in Algorithm 1), and the mixed norm approach [36]
extends the convex relaxation to the MMV case. However, these
MMV solvers have been proved that they cannot properly exploit
the diversity gain [37]. Therefore, in this paper, we will develop
a novel MMV solver to improve the recovery performance by
properly exploiting the diversity gain.

Once the AoDs are determined, by using the knowledge of
Ω̂, we can rewrite (6) as

Y =
√

ρT QH ARH̄Ω̂
ω (AΩ̂

T )H P + QH N, (16)

where AΩ̂
T ∈ CGT ×LA o D consists of the array steering vectors

corresponding to the estimated AoDs, and H̄Ω̂
ω ∈ CGR ×LA o D

denotes the reduced-dimension VAD channel matrix. To esti-
mate H̄Ω̂

ω , we further vectorize (16) as an SMV problem

ȳ =
√

ρT (PT (AΩ̂
T )

∗ ⊗ QH )︸ ︷︷ ︸
ΦΩ̂

vec(ARH̄Ω̂
ω )︸ ︷︷ ︸

h̄Ω̂

+ vec (QH N)

(17)

=
√

ρT ΦΩ̂ h̄Ω̂ + vec (QH N), (18)

where h̄Ω̂ ∈ C|Ω̂ |NU E ×1 denotes the reduced-dimension ef-
fective channel vector observed by the training codebook Q,
and ΦΩ̂ ∈ CMB S MU E ×|Ω̂ |NU E is the reduced-dimension MMV
measurement matrix. The size of h̄Ω̂ is much smaller than the
original unknown channel vector in (9) since we always have
that NBS >> LAoD , which is typically held in mmWave large-
scale antenna systems. On the other hand, it can be observed that
(18) is overdetermined when MBS MU E > |Ω̂|NU E . Hence, the
following optimization can be applied to estimate h̄Ω̂

ĥΩ̂ = arg min ||ȳ −√
ρT ΦΩ̂h̄Ω̂ ||2 . (19)

This optimization can be solved by the LS estimation with low
computational cost. Meanwhile, quantization error caused by
the receive virtual angles can be avoided since the LS estimation
does not assume the discrete model. After ĥΩ̂ is derived, we can
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Fig. 3. Two-step procedure for compressive channel estimation based on MMV.

reconstruct the estimated mmWave channel by

Ĥ = vec−1(ĥΩ̂ )(AΩ̂
T )H . (20)

Finally, the proposed compressive channel estimation based
on MMV can be summarized in a two-step procedure, as shown
in Fig. 3. In Step 1, a MMV problem for determining the com-
mon support in the structurally sparse channel is formulated to
estimate the AoDs. Then, the estimation problem will be solved
by a MMV solver. In Step 2, by using the knowledge of AoDs,
the corresponding reduced-dimension effective channel can be
directly estimated by a low-complexity LS solver.

Note that the MMV-based channel estimation has also been
utilized in massive multiple-input multiple-output (MIMO) sys-
tems [27]. Although the main idea underlying the proposed
compressive channel estimation framework and [27] are simi-
lar, in fact, the two papers differ in the significant ways. First,
the proposed MMV-based channel estimation considers that the
CSI acquisition is typically based on the beam sweeping at both
sides in mmWave large-scale antenna systems. Therefore, an ad-
ditional training codebook at the UE should be considered in the
compressive channel estimation, whose problem formulation is
quite different from [27] for massive MIMO systems. Second,
the MMV solver proposed in [27] is based on the SOMP, which
cannot properly exploit the diversity gain from structural spar-
sity, and improve the estimation quality via the super-resolution
capability. The performance gains achieved by the proposed
MMV solver over the SOMP will be demonstrated through sev-
eral simulation results in Section V.

B. Conventional MUSIC Algorithm for AoD Estimation

To exploit diversity gain from structural sparsity, the MU-
SIC algorithm [19], which was originally developed for the
direction-of-arrival (DoA) estimation, has been adopted for
solving the MMV problem by Feng and Bresler [20], [21]. The
MUSIC finds the source locations as those for which the cor-
responding array steering vectors are nearly orthogonal to the
noise-only subspace or, equivalently, projects almost entirely
into the signal subspace. Similarly, in the MMV problem (14),
the common support is determined as those maximize the corre-
lation between the columns of ΦM and the signal subspace (i.e.,
the channel subspace in the AoD estimation). Thus, the common
support corresponding to the AoDs can be derived by selecting
a set of columns in ΦM whose correlation with the estimated

Algorithm 2: Channel Subspace Estimation.

Require: Ȳ and threshold μ
1: Initialization: set t = 1
2: Compute covariance matrix: RȲ = ȲȲH /MBS

3: Perform eigenvalue decomposition:
RȲ = Vdiag (λ1 , . . . , λMB S

)VH , λ1 ≤ λ2 ≤
. . . ≤ λMB S

4: while (λt+1 − λt)/(λMB S
− λt) < μ

5: Update iteration counter: t = t + 1
6: end
return estimated rank r = min(MBS − t,MU E ) and
estimated channel subspace UȲ = [V:,t+1 ,V:,t+2 ,
. . . ,V:,MB S ]

channel subspace UȲ ∈ CMB S ×r are among the LAoD largest.
Suppose that ΦM = [φ1 , . . . , φGT

], where φn ∈ CMB S ×1 , for
n = 1, . . . , GT , is the n-th column of ΦM , we have the simul-
taneous support selection rule

Ω̂ = {||UH
Ȳ φj ||2 > κ,∀j}. (21)

The threshold κ is set to select the largest LAoD values, and
UȲ can be estimated from Ȳ by the eigenvalue decom- posi-
tion (EVD), as presented in Algorithm 2. Note that the scheme
for channel subspace estimation is not restricted to the given
approach in Algorithm 2. For example, the principal component
analysis proposed in [38] can also be used for robust channel
subspace estimation.

In the full-rank case that Ȳ has rank equal to the common
sparsity level, i.e., r = LAoD , it has been proven in [20], [21]
that the MUSIC provides an optimal recovery performance by
fully exploiting the diversity gain from structural sparsity. How-
ever, when r < LAoD , its recovery performance is no longer
guaranteed. For example, coherence between the spatial paths
may make the channel rank-defective or ill-conditioned. In this
case, the MUSIC recovery will fail since we always have that
r ≤ rank(H). In addition, if the number of training beams
swept by the UE is smaller than the common sparsity level,
i.e., MU E < LAoD , the rank-deficiency will also arise.

On the other hand, the MUSIC features its super-resolution
capability [22], [23] for the AoD estimation in this work, i.e.,
using for accurately estimating the AoDs with an angular reso-
lution much higher than the size of antennas. However, because
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Algorithm 3: Channel Subspace Matching Pursuit (CSMP).

Require: UȲ and ΦM = PH AT = [φ1 , . . . , φGT
]

1: Initialization: set t = 0, Ω̂(0) =�, and Π⊥
Ω̂ ( 0 ) = IMB S

2: repeat
3: Update iteration counter: t = t + 1
4: Orthogonal projection: φ(t)

n = Π⊥
Ω̂ ( t−1 ) φn , for

n = 1, . . . , GT

5: Support selection rule:
j

(t)
C SM P = arg max

∀j /∈Ω̂
( t−1 )

||UH
Ȳ φ

(t)
j ||2/||φ(t)

j ||2
6: Update estimated common support:

Ω̂(t) = Ω̂(t−1) ∪ j(t)

7: Compute orthogonal projector:
Π⊥

Ω̂ ( t ) = IMB S
− ΦΩ̂ ( t )

M (ΦΩ̂ ( t )

M )†

8: until the terminating condition is met
return Ω̂(t−1)

the physical angles do not lie on the virtual angle grids, although
most of the energy of each AoD is concentrated in the one of
the virtual angle grids, it still “leaks” out to all other grids in the
VAD channel. Consequently, due to the spatial interferences, the
simultaneous selection criterion (21) cannot accurately resolve
each AoD in super-resolution, and it will suffer from a large
performance degradation.

C. Proposed MUSIC-Based MMV Solver for AoD Estimation

To address the technical issues in the MUSIC, we propose
a CSMP algorithm based on the greedy MUSIC algorithm
[25]. Instead of simultaneously determining multiple AoDs in
(21), an iterative procedure, which is similar to the OMP-type
algorithms, is adopted to sequentially determine the AoDs via
the metric of subspace correlation. The pseudo-code of CSMP
is summarized in Algorithm 3. Suppose that the column of the
equivalent MMV measurement matrix ΦM is expressed as φn ,
for n = 1, . . . , GT . In the t-th iteration of the CSMP, if we have
a set of preselected AoDs Ω̂(t−1) from the previous iterations
{1, . . . , t − 1}, the new common support corresponding to one
of the remaining AoDs is determined by the following support
selection rule

j
(t)
C SM P = arg max

j /∈Ω̂( t−1 )

||UH
Ȳ φ

(t)
j ||2

/
||φ(t)

j ||2 , (22)

where Π⊥
Ω̂ ( t−1 ) denotes the orthogonal projector to the subspace

spanned by ΦΩ̂ ( t−1 )

M , and φ
(t)
j = Π⊥

Ω̂ ( t−1 ) φj is the j-th column
of the modified equivalent MMV measurement matrix. Fig. 4
depicts flowcharts of the SOMP and proposed CSMP, it can be
observed that there are two major differences between them.
First, like the MUSIC, the new common support is selected
by finding a column of measurement matrix most correlated
to the estimated channel subspace UȲ rather than the residual
of channel measurements Ȳ. Second, instead of removing the
contributions corresponding to the preselected AoDs from Ȳ
or UȲ , the CSMP modifies ΦM to “null out” the contributions
corresponding to Ω̂(t−1) , i.e., by projecting each column of ΦM

Fig. 4. Flowcharts of the (a) SOMP and (b) proposed CSMP algorithms.

onto the null space of ΦΩ̂ ( t−1 )

M , for the current AoD estimate.
After a new AoD is determined, it will be appended to Ω̂(t−1) .
The iterative procedure of CSMP will stop when the terminating
condition is met.

By adopting the support selection rule (22), the proposed
CSMP has three advantages compared with the prior art:

1) The CSMP can rectify the issue of rank-deficiency. In
the early iteration of CSMP, when r < LAoD , the sup-
port selection rule (22) cannot fully exploit the diversity
gain to accurately determine the AoD. However, com-
pared with the SOMP, it still loses nothing even if in
the worst scenario that r = 1. As the iteration increases,
since the contribution corresponding to the preselected
AoDs is re- moved by modifying ΦM , the CSMP forces
the common sparsity level decrease along with the iter-
ation. Meanwhile, the channel subspace is unchanged in
each iteration. When t ≥ LAoD − r, the full-rank condi-
tion is satisfied since r ≥ LAoD − t. Thus, (22) can pro-
vide the optimal recovery performance like the MUSIC.
Compared to the SOMP, the accuracy of estimating the
remaining AoDs can be greatly improved by exploiting
the diversity gain.

2) In the CSMP, the spatial interferences caused by discrete
virtual channel [24] can be mitigated through the sequen-
tial AoD estimation. In each iteration for determining the
next AoD, since the CSMP has removed the contribution
corresponding to the preselected AoDs, including the un-
desirable spatial interferences, it can resolve the next AoD
more accurately in the super-resolution angle grids.

3) In the MUSIC, the UE requires knowledge of the number
of AoDs for the simultaneous support selection (21). The
number of AoDs usually can be obtained by the offline
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channel propagation measurement or long term stochastic
estimation. However, it requires additional overhead and
suffers from additional degradation when the estimated
common sparsity level is out-dated or mismatched. Com-
pared to the MUSIC, the greedy-based support selection
in the CSMP can adapt the number of iterations to the
varying common sparsity level.

D. Comparison to Other MUSIC-Based MMV Solvers

We now compare the proposed CSMP with other three greedy
MMV solvers based on the MUSIC. First, a MMV solver called
subspace M-OMP (SM-OMP) is presented in [44]. In the SM-
OMP, the support selection rule is modified from the SOMP by
replacing Ȳ with UȲ , such that

j
(t)
SM −OM P = arg max

j /∈Ω̂ ( t−1 )

||(Π⊥
Ω̂ ( t−1 ) UȲ )H φj ||2 . (23)

In this support selection rule (23), the new common support is
selected by finding a column of ΦM most correlated to the resid-
ual of the channel subspace UȲ , rather than the channel mea-
surements Ȳ. Although the SM-OMP has a better performance
compared to that of the SOMP, it cannot avoid the issue of rank-
deficiency to fully exploit the diversity gain when r < LAoD .
Moreover, even in the full rank case, i.e., r = LAoD , the SM-
OMP cannot achieve the performance of the MUSIC since the
rank of UȲ is reduced as the iteration increases. To address
this issue, an improved algorithm called orthogonal subspace
matching pursuit (OSMP) is proposed in [45]. In the OSMP,
(23) is modified as follows

j
(t)
OSMP = arg max

j /∈Ω̂ ( t−1 )

||(Π⊥
Ω̂ ( t−1 ) UȲ )

H
φ

(t)
j ||2

/
||φ(t)

j ||2 . (24)

We can see that the difference between the support selection
rules used in the proposed CSMP (22) and the OSMP (24) is
that the projection operator is applied to both UȲ and each
column of ΦM before the subspace correlation, rather than just
to each column of ΦM . Because the OSMP forces the common
sparsity level decrease by modifying ΦM along with the itera-
tion, it can also fully exploit the diversity gain from structural
sparsity. However, in fact, when each column of ΦM has been
projected onto the space perpendicular to ΦΩ̂ ( t−1 )

M , the contri-
bution corresponding to the preselected AoDs in UȲ would be
null out from the subspace correlations even it has not been
removed from UȲ . This result can be also derived by rewriting
the support selection rule of the OSMP

j
(t)
OSMP = argmax

j /∈Ω̂ ( t−1 )

||(Π⊥
Ω̂ ( t−1 ) UȲ )H Π⊥

Ω̂ ( t−1 ) φj ||2/||φ(t)
j ||2

= argmax
j /∈Ω̂ ( t−1 )

||UH
Ȳ (Π⊥

Ω̂ ( t−1 ) )
H
Π⊥

Ω̂ ( t−1 )︸ ︷︷ ︸
(Π⊥

Ω̂ ( t−1 ) )H

φj ||2 ||φ(t)
j ||2

= argmax
j /∈Ω̂ ( t−1 )

||UH
Ȳ (Π⊥

Ω̂ ( t−1 ) )
H φj ||2 /||φ(t)

j ||2

= argmax
j /∈Ω̂ ( t−1 )

||UH
Ȳ φ

(t)
j ||2 /||φ(t)

j ||2 . (25)

From (25), it can be seen that the support selection rule of the
OSMP is equivalent to (22). Therefore, the CSMP and OSMP
are essentially the same. However, due to the additional compu-
tation of the orthogonal projection on UȲ in each iteration, the
OSMP has much larger computational complexity than that of
the CSMP. In [45], a hybrid MMV solver called subspace- aug-
mented MUSIC (SA-MUSIC) is further proposed to improve
computational efficiency. In the SA-MUSIC, a partial common
support recovery via the OSMP is first performed to augment
the signal (or channel) subspace. When the augmented signal (or
channel) subspace become full rank, the SA-MUSIC determines
the remained common support simultaneously by the MUSIC.
However, as mentioned before, due to the spatial interferences
caused by discrete channel modeling, the simultaneous support
selection in the MUSIC cannot accurately resolve the AoDs,
and it will suffer from a large performance degradation.

E. Terminating Condition for the Greedy-Based MMV Solver

For the sake of fair comparison between different greedy-
based MMV solvers, in this paper, we use the same termination
condition for them. Because some of the non-MUSIC-based
MMV solvers (e.g., SOMP) are performed without the know-
ledge of the channel subspace UȲ , it is more reasonable to
design a termination condition based on the observation of the
residual of Ȳ rather than UȲ . Moreover, it is more robust
without non-ideal effect introduced by the channel subspace
estimation error.

In the proposed design, the termination condition is met when
the power of the successive residual difference has fallen below
a stopping threshold, such that

||R(t−1) − R(t) ||2F < η, (26)

where R(t) = Π⊥
Ω̂ ( t ) Ȳ is the residual of Ȳ in the t-th iteration,

and η denotes the stopping threshold. This termination condition
indicates that a steady state of the MMV solver has been reached
or, on the other hand, that the MMV solver converges to an
incorrect solution (i.e., a false common support selection). To
determine the stopping threshold η, we analysis the expectation
value of ||R(t−1) − R(t) ||2F just in the iteration after the perfect
sparse recovery.

Lemma 1: Suppose that the common support of H̄Q is per-
fectly recovered in the iteration t = LAoD by a greedy-based
MMV solver, such that Ω̂(LA o D ) = Ω. In the iteration after the
perfect sparse recovery, i.e., t = LAoD + 1, an additional com-
mon support is selected and appended to Ω̂(LA o D ) , but it is lo-
cated outside the common support set Ω. Then, the expectation
value of the power of the successive residual difference in the
iteration t = LAoD + 1 can be expressed as

E
{
||R(LA o D ) − R(LA o D +1) ||2F

}
= MU E σ2

n . (27)

The proof can be found in Appendix B.
According to the Lemma 1, we can utilize the knowledge

about the mean power of the successive residual difference in
the particular moment of the iterative procedure to derive a
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stopping threshold as follows

η = cMU E σ2
n , (28)

where c is a tunable factor which can be chosen according to
different conditions of the sparse system.

IV. EFFICIENT IMPLEMENTATION OF CSMP BY USING THE

MATRIX INVERSE LEMMA

In this section, we implement the proposed CSMP via the
matrix inverse lemma (MIL), which has also been utilized in
the SOMP [39]. In this MIL-based CSMP implementation, the
orthogonal projection and inner product in each iteration are
transformed into the recursive updating formulas, which only
require computations of matrix-vector multiplication, scalar-
vector multiplication, and vector-vector subtraction. Finally, the
complexities resulted from the MIL-based CSMP and MIL-
based SOMP (see Algorithm 4) are analyzed and compared.

A. MIL-Based Implementation for the CSMP

Consider that in the t-th iteration of CSMP, we have φn , φ(t)
n ,

inner products Θ(1)
n = UH

Ȳ φn , and Θ(t)
n = UH

Ȳ φ(t)
n from the

previous iterations {1,K . . . , t − 1} for n = 1, . . . , GT . Mean-
while, we also has the set of the preselected AoDs Ω̂(t−1) , and
corresponding biorthogonal basis, which can be defined as

ΨΩ̂ ( t−1 ) = ΦΩ ( t−1 )

M

(
(ΦΩ ( t−1 )

M )
H
ΦΩ ( t−1 )

M

)−1

∈ CMB S ×|Ω ( t−1 ) |.

(29)
Since we have that |Ω̂(t−1) | ≤ MBS in the compressive channel
estimation, the biorthogonal basis always exists. Once a new
AoD j(t) is determined via the normalized correlation power of
Θ(t)

n according to the support selection rule (22), such that

j
(t)
C SM P = arg max

j /∈Ω̂( t−1 )

||Θ(t)
j ||2

/
||φ(t)

j ||2 . (30)

Then, the CSMP can update the common support, biorthogonal
basis, inner products, and modified measurement matrix for the
next iteration. Based on the MIL, the updated biorthogonal basis
corresponding to Ω̂(t) = Ω̂(t−1) ∪ j(t) can be written as

ΨΩ ( t ) = ΦΩ ( t )

M

(
(ΦΩ ( t )

M )
H
ΦΩ ( t )

M

)−1

=
[
ΨΩ ( t−1 ) − λzvH , λz

]
, (31)

where v = ΨH
Ω ( t−1 ) φj ( t ) ∈ C|Ω ( t−1 ) |×1 , λ−1 = ||φj ( t ) ||22 − ||w

||22 ∈ R1×1 , z = φj ( t ) − w ∈ CMB S ×1 , and w = ΦΩ ( t−1 )

M v ∈
CMB S ×1(see Appendix A for details). Thus, the updated
biorthogonal basis can be derived by computing v, w, z, and
λ without the matrix inversion. Meanwhile, the orthogonal pro-
jection Π⊥

Ω̂ ( t ) for each column of the measurement matrix can
be replaced by the following recursive updating formula

φ(t+1)
n = φ(t)

n − Δnz, (32)

where Δn = λzH φn ∈ C1×1 , for n = 1, . . . , GT (see Ap-
pendix A for details). Also, the updated inner products Θ(t+1)

n

Algorithm 4: MIL-based SOMP.

Require: Ȳ and ΦM = PH AT = [φ1 , . . . , φGT
]

1: Normalization: φn = φn /||φn ||2 , for n = 1, . . . , GT

2: Initialization: set t = 0, Ω̂(0) =�,ΨΩ ( 0 ) =�, and
Θ(1)

n = ȲH φn , for n = 1, . . . , GT

3: repeat
4: Update iteration counter: t = t + 1
5: Support selection rule: j

(t)
SOM P = arg max

j /∈Ω̂
( t−1 )

||Θ(t)
j ||2

6: Update estimated common support: Ω̂(t) = Ω̂(t−1) ∪ j(t)

7: Compute v = ΨH
Ω ( t−1 ) φj ( t )

8: Compute w = ΦΩ ( t−1 )

M v
9: Compute z = φj ( t ) − w
10: Compute λ−1 = ||φj ( t ) ||22 − ||w||22
11: Compute b = Θ(1)

j ( t ) − Θ(1)
Ω ( t−1 ) v

12: Compute L = [bvH , − b]
13: Compute gn = (ΦΩ ( t )

M )H φn , for n = 1, . . . , GT

14: Update biorthogonal basis:

ΨΩ ( t ) = [ΨΩ ( t−1 ) − λzvH , λz]

15: Update inner products:

Θ(t+1)
n = Θ(t)

n + λLgn , for n = 1, . . . ,GT

16: until the terminating condition is met
return Ω̂(t−1)

can be also derived from the following recursive updating for-
mula

Θ(t+1)
n = UH

Ȳ φ(t+1)
n = Θ(t)

n − ΔnUH
Ȳ z, (33)

for n = 1, . . . , GT . Then, in the next iteration of CSMP, we
can determine the next AoD using Θ(t+1)

n and φ(t+1)
n , ac-

cording to the support selection rule (22). Finally, the MIL-
based computational procedure of CSMP is summarized in
Algorithm 5.

B. Comparison of the Computational Complexity

We analyze the complexity of the MIL-based CSMP and
MIL-based SOMP. In Table II, their complexities are analyzed
in terms of the number of required complex-number multipli-
cations for each operation in the t-th iteration. It can be seen
that since the orthogonal projection in CSMP is transformed
into recursive computations of scalar-vector multiplication and
vector-vector subtraction, the resulted complexity overhead is
limited even though the CSMP requires an additional opera-
tion for updating φ(t+1)

n . On the other hand, the dimensions of
matrix-vector and scalar-vector multiplications in the operations
related to Θ(t+1)

n are scaled with LAoD in the CSMP instead
of MU E in the SOMP. Thus, the complexities of CSMP can be
reduced compared to that of the SOMP since we always have
that r ≤ LAoD < MU E .
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Algorithm 5: MIL-based CSMP.

Require: UȲ and ΦM = PH AT = [φ1 , . . . , φGT
]

1: Initialization: set t = 0, Ω̂(0) = �,ΨΩ ( 0 ) = �,
φ(1)

n = φn , and Θ(1)
n = UH

Ȳ φn , for n = 1, . . . , GT

2: repeat
3: Update iteration counter: t = t + 1
4: Support selection rule:
j

(t)
C SM P = arg max

j /∈Ω̂ ( t−1 )

||Θ(t)
j ||2/||φ(t)

j ||2
5: Update estimated common support: Ω̂(t) = Ω̂(t−1) ∪ j(t)

6: Compute v = ΨH
Ω ( t−1 ) φj ( t )

7: Compute w = ΦΩ( t−1 )

M v
8: Compute z = φj ( t ) − w
9: Compute λ−1 = ||φj ( t ) ||22 − ||w||22
10: Compute Δn = λzH φn , for n = 1, . . . , GT

11: Update biorthogonal basis:

ΨΩ ( t ) = [ΨΩ ( t−1 ) − λzvH , λz]

12: Update columns of the modified measurement matrix:

φ(t+1)
n = φ(t)

n − Δnz, for n = 1, . . . ,GT

13: Update inner products:

Θ(t+1)
n = Θ(t)

n − ΔnUH
Ȳ z, for n = 1, . . . ,GT

14: until the terminating condition is met
return Ω̂(t−1)

TABLE II
NUMBER OF REQUIRED COMPLEX-NUMBER MULTIPLICATIONS FOR EACH

OPERATION IN THE t-TH ITERATION

To compare the complexities, we further analyze the total
numbers of required complex-number multiplications resulted
from the CSMP and SOMP under various system sizes accord-

Fig. 5. The total number of required complex-number multiplications versus
the size of system with the scale factor f when LA oD = 6.

ing to Table II, respectively. In this comparison, we set the
system size with the scale factor f to NBS = 16f , NU E = 4f ,
GT = 4NBS , GR = 4NU E , MBS = 0.25NBS , and MU E =
0.5NU E . Suppose that LAoD = 6, which is unaffected by the
scaling of system size in mmWave channels. Meanwhile, the
total number of iterations for the two MMV solvers is set to be
equal to LAoD .

As shown in Fig. 5, we can observe that the total number of
complex-number multiplications required in the CSMP is much
smaller than that of the SOMP, especially when the system size
grows larger. Note that the additional overhead from the chan-
nel subspace estimation in Algorithm 2 for the CSMP is not
considered in this comparison, which has significant complex-
ity. However, it will be shown in the simulation result that the
CSMP and SOMP have similar computational costs when the
channel subspace estimation is included in the computation of
the CSMP.

V. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
compressive channel estimation framework through several sim-
ulations. In these simulations, we adopt the system and chanel
models described in Section II with the following settings:
− The BS and UE are equipped with NBS = 64 and NU E =

16 antennas, respectively.
− The BS sweeps MBS compressive training beams during

the downlink beam training. The entries of each training
beam are drawn from ±1 Bernoulli distribution.

− The UE sweeps the discrete Fourier transform (DFT)-
based training beams to look ahead all the possible AoAs
in the relatively rich local scattering mmWave channels.

− The received signal-to-noise ratio (SNR) in the training
phase is defined as ρT /σ2

n .
− The tunable factor of the stopping threshold η (28) for the

termination condition (27) is set at c = 5.
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− The threshold used in the channel subspace estimation (in
Step 4 of Algorithm 2) is set at μ = 0.01.

− The normalized mean square error (NMSE) is adopted as
the performance metric, which is defined as

NMSE = E
[
||Ĥ − H||2F

/
||H||2F

]
. (34)

We compare the NMSE performance of the following channel
estimation algorithms through simulation results obtained from
Monte Carlo trials over 5,000 independent channel realizations:

1) SMV-based channel estimation via the OMP (SMV OMP):
The channel is estimated by applying the OMP in [10]
solve the SMV problem (9).

2) SMV-based channel estimation via the Block OMP (SMV
BOMP): The channel is estimated by applying the block
OMP in [32] to solve the SMV problem (9).

3) MMV-based channel estimation via the SOMP (MMV
SOMP): The channel is estimated by applying the SOMP
in Algorithm 1 to solve the MMV problem (14).

4) MMV-based channel estimation via the MUSIC (MMV
MUSIC): The channel is estimated by applying the MU-
SIC in (21) to solve the MMV problem (14).

5) MMV-based channel estimation via the SM-OMP (MMV
SM-OMP): The channel is estimated by applying the SM-
OMP proposed in [44] to solve the MMV problem (14).

6) MMV-based channel estimation via the OSMP (MMV
OSMP): The channel is estimated by applying the OSMP
proposed in [45] to solve the MMV problem (14).

7) MMV-based channel estimation via the SA-MUSIC (MMV
SA-MUSIC): The channel is estimated by applying the SA-
MUSIC proposed in [45] to solve the MMV problem (14).

8) MMV-based channel estimation via the CSMP (MMV
CSMP): The channel is estimated by applying the pro-
posed CSMP in Algorithm 3 to solve the MMV problem
(14).

A. Estimation Quality Versus Training Overhead

In Fig. 6, we consider two different configurations of the
angular resolutions (a) GT = 256, GR = 64, and (b) GT =
1024, GR = 256, and compare the estimation quality under
various MBS when LAoD = 6, LAoA = 8, and received SNR =
15 dB.

In Fig. 6(a), we can observe that the MMV-based estimation
algorithms have lower NMSEs than the OMP. This is because
the OMP requires more channel measurements to deal with the
larger sparsity level exhibited in the relatively rich local scat-
tering channels. However, since the common sparsity level is
kept small in the MMV formulation, the MMV-based estima-
tion algorithms achieve better estimation qualities than that of
the SMV under the same MBS . On the other hand, by exploiting
the block sparsity structure, the BOMP achieves better NMSE
performance then the OMP when MBS is larger. Meanwhile, the
CSMP, OSMP and SM-OMP have better NMSE performance
than that of the SOMP, which demonstrates the benefit of ex-
ploiting the diversity gain from structural sparsity. Since the
CSMP and OSMP are equivalent, they have the same NMSE

Fig. 6. NMSE of the estimated CSI versus MB S , when LA oD = 6, LA oA =
8, and received SNR = 15dB. (a) GT = 256, GR = 64, (b) GT = 1024,
GR = 256.

performance. The performance gain of the SM-OMP is rela-
tively small compared to that of the CSMP and OSMP since it
cannot fully exploit the diversity gain.

In Fig. 6(b), when the angular resolutions increase, the MMV-
based estimation algorithms exhibit larger performance gains
over the SMV than Fig. 6(a). It can be seen that the CSMP
and OSMP exhibit approximately 2 dB to 4 dB NMSE im-
provements over Fig. 6(a). under the same MBS . Compared to
the others estimation algorithms, including the SOMP and SM-
OMP, the improvements are significant, and it demonstrates that
the CSMP and OSMP can fully leverage the benefit of super-
resolution capability from the MUSIC. On the other hand, the
performance of the BOMP significantly degrades since the VAD
transformation dictionaries become more redundant when the
angular resolutions increases. Meanwhile, due to the spatial in-
terferences caused by discrete channel modeling, the estimation
qualities of MUSIC and SA-MUSIC are poor in both Fig. 6(a)
and (b).
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Fig. 7. NMSE of the estimated CSI versus received SNR, when LA oD = 6,
LA oA = 8, MB S = 24, GT = 1024, and GR = 256.

B. Estimation Quality Versus Received SNR

In Fig. 7, we compare the NMSE performance under vari-
ous received SNRs when LAoD = 6, LAoA = 8. The number of
swept training beams at the BS is 24, which is only 37.5% train-
ing overhead compared to exhaustive search. In this simulation,
we consider the transmit and receive virtual angle grids with
GT = 1024 and GR = 256 to well approximate the physical
channel.

We can observe that the CSMP and OSMP have the same
NMSE performance, and both of them outperform other estima-
tion algorithms, especially in the high SNR regime. Moreover,
there exists a huge performance gap between the CMSP and
OMP because the number of channel measurements is not suffi-
cient for the OMP in the relatively rich local scattering channels.
Meanwhile, we can observe that the SM-OMP has slightly bet-
ter NMSE performance than that of the SOMP. However, both
of them have performance gaps compared with the CMSP since
they cannot fully exploit the diversity gain from structural spar-
sity. On the other hand, when the angular resolutions are high,
it can be observed that the BOMP, MUSIC and SA- MUSIC
perform poorly.

C. Estimation Quality Versus Number of AoAs

To observe the relatively rich local scattering effect at the UE
side, we also compare the NMSE performance under various
number of AoAs contributed by each AoD when LAoD = 6,
received SNR = 15 dB, and MBS = 24. In this simulation, we
consider the transmit and receive virtual angle grids with GT =
1024 and GR = 256 to well approximate the physical channel.

In Fig. 8, it can be seen that the performance of OMP gets
worse as LAoA increases. This is because given the same number
of channel measurements, the recovery performance degrades as
the total sparsity level increases in a conventional SMV problem.
However, the rich local scattering environments would not affect
the common sparsity level. As a result, the estimation qualities
of MMV-based estimation algorithms are unaffected as LAoA

Fig. 8. NMSE of the estimated CSI versus LA oA , when LA oD = 6, MB S =
24, GT = 1024, GR = 256, and received SNR = 15 dB.

increases. This simulation result indicates that, for the MMV-
based algorithms, the training overhead for good recovery in the
relatively rich local scattering channels can be kept low.

D. Comparison of Computational Cost

Regarding the computational cost, we compared the run-
time of each estimator versus the system size when LAoD = 6,
LAoA = 8, and received SNR = 15 dB. The runtime is used
to provide an estimation of computational cost. We performed
simulations in MATLAB R2016a using a 3.6-GHz Intel Core
i7-4790 CPU with 16GB of memory and used 5,000 Monte
Carlo simulation trials to average the results. Note that for the
sake of fairness, all of the estimation algorithms is implemented
by the direct computational procedure. In this simulation, we
set the system size with the scale factor f to NBS = 16f ,
NU E = 4f , GT = 4NBS , GR = 4NU E , MBS = 0.25NBS ,
and MU E = NU E (due to the DFT-based training codebook
adopted at the UE).

In Fig. 9, we can see that the runtimes of MMV-based es-
timation algorithms are approximately two orders of magni-
tude smaller than that of the SMV-based estimation algorithms,
which is a significant cost saving. The MUSIC and SA-MUSIC
have the smallest computational cost since the common support
is selected by using only one or a few iterations. However, as
shown previously, their performance is infeasible. On the other
hand, it can be observed that when the system size is small, the
runtime of CSMP is slightly larger than that of the SOMP. This
is because the CSMP requires an additional overhead from the
channel subspace estimation. However, when the system size
increases, the computational cost would be dominated by the
MMV solver, and the runtime of the CSMP will be almost the
same to that of the SOMP. Finally, we can see that the OSMP
requires more computational cost than the CSMP due to the
additional orthogonal projection in each iteration. Note that the
estimation of computational cost in MATLAB cannot directly
reflect the huge difference of implementation complexities be-



2426 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 66, NO. 9, MAY 1, 2018

Fig. 9. Runtime of the estimation algorithms versus the size of system with
scale factor f when LA oD = 6, LA oA = 8, and received SNR = 15 dB.

tween the OSMP and CSMP, even the runtimes of the OSMP
and CSMP are order-wise the same. In fact, the complexity of
the OSMP is much larger than that of the CSMP because the
OSMP has to modify both measurement matrix and residual of
channel subspace in each iteration.

VI. CONCLUSIONS

In this paper, the CS-based CSI acquisition for mmWave
large-scale antenna systems is considered. We have developed
an MMV-based compressive channel estimation framework to
exploit structural sparsity exhibited in the relatively rich lo-
cal scattering mmWave channels. Then, a MUSIC-based MMV
solver called CSMP has been proposed to leverage the benefits
of the MUSIC while avoiding its technical issues. Meanwhile,
we also have presented an efficient implementation method for
the proposed CSMP using the matrix inverse lemma. Com-
pared with the SOMP, the proposed CSMP exhibits much lower
complexity. Finally, simulation results have demonstrated the
superiorities of MMV-based estimation algorithms in terms of
both the training overhead and computational cost. Furthermore,
the proposed CSMP achieves a significant performance gain
over the others when the angular resolutions are high, yet with
lower computational cost. For future work, the extension of
the proposed CS-based CSI acquisition technique to reduce the
training and computational overhead for wideband frequency-
selective channel estimation can be further investigated. Because
the static spatial characteristics is consistent in each frequency
of a physical channel (i.e., the AoA/AoD in each subcarrier of a
wideband channel are the same [43]), extension of our work to
exploit structural sparsity in wideband channels is possible and
will be an interesting topic.

APPENDIX A
DERIVATION OF THE MATRIX INVERSE LEMMA-BASED CSMP

Consider that in the t-th iteration of the MIL-based CSMP,
if we have ΦM = [φ1 , . . . , φGT

], φ(t)
n , Θ(1)

n , Θ(t)
n , ΨΩ̂ ( t−1 ) S,

and Ω̂(t−1) from the previous iterations {1, . . . , t − 1}. A new
AoD j(t) is determined via the normalized correlation power
of Θ(t)

n according to the support selection rule (22). By using
the matrix inverse lemma, we can rewrite ((ΦΩ ( t )

M )H ΦΩ ( t )

M )−1

corresponding to Ω̂(t) = Ω̂(t−1) ∪ j(t) as

(
(ΦΩ ( t )

M )
H
ΦΩ ( t )

M

)−1

=

⎡
⎢⎣ (ΦΩ ( t−1 )

M )
H
ΦΩ ( t−1 )

M (ΦΩ ( t−1 )

M )
H

φj ( t )(
(ΦΩ ( t−1 )

M )
H

φj ( t )

)H

||φj ( t ) ||22

⎤
⎥⎦
−1

=

⎡
⎣
(
(ΦΩ ( t−1 )

M )
H
ΦΩ ( t−1 )

M

)−1
+ λvvH −λv

−λvH λ

⎤
⎦ , (35)

where v = ΨH
Ω ( t−1 ) φj ( t ) ∈ C|Ω( t−1 ) |×1 , λ−1 = ||φj ( t ) ||22 −

||w||22 ∈ R1×1 , and w = ΦΩ ( t−1 )

M v ∈ CMB S ×1 . Given the
equivalent matrix above, the new biorthogonal basis ΨΩ̂ ( t )

corresponding to Ω̂(t) can be derived from

ΨΩ ( t ) = ΦΩ ( t )

M

(
(ΦΩ ( t )

M )
H
ΦΩ ( t )

M

)−1

=
[
ΦΩ ( t−1 )

M , φj ( t )
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(ΦΩ ( t−1 )
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M

)−1
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]

=
[
ΨΩ ( t−1 ) − λzvH , λz

]
. (36)

Meanwhile, the orthogonal projection Π⊥
Ω̂ ( t ) for each column

of measurement matrix can be derived from

φ(t+1)
n = Π⊥

Ω̂ ( t ) φn

=
(
IMB S

− ΦΩ̂ ( t )

M (ΦΩ̂ ( t )
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†
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= φn − ΦΩ̂ ( t )

M

[
ΨH

Ω ( t−1 ) − λvzH

λzH

]
φn
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[
ΦΩ̂ ( t−1 )

M , φj ( t )

] [ΨH
Ω ( t−1 ) φn − λvzH φn

λzH φn

]

= φn − ΦΩ̂ ( t−1 )

M ΨH
Ω ( t−1 ) φn + λwzH φn − λφj ( t ) zH φn

= φn − ΦΩ̂ ( t−1 )
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φn − λzzH φn

= Π⊥
Ω̂ ( t−1 ) φn − z(λzH φn )

= φ(t)
n − Δnz, (37)

where Δn = λzH φn ∈ C1×1 , for n = 1, . . . , GT .
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APPENDIX B
PROOF OF LEMMA 1

In the iteration t = LAoD + 1, the power of the successive
residual difference can be written as

∥∥∥R(LA o D ) − R(LA o D +1)
∥∥∥2

F

=
∥∥∥Π⊥

Ω̂ (L A o D ) Ȳ − Π⊥
Ω̂ (L A o D + 1 ) Ȳ

∥∥∥2

F

=
∥∥∥∥ΦΩ̂ (L A o D + 1 )

M (ΦΩ̂ (L A o D + 1 )

M )
†
Ȳ − ΦΩ̂ (L A o D )

M (ΦΩ̂ (L A o D )

M )
†
Ȳ
∥∥∥∥

2

F

=
∥∥(BΩ̂ (L A o D + 1 ) − BΩ̂ (L A o D ) )Ȳ

∥∥2
F

, (38)

where BΩ̂ ( t ) = ΦΩ̂ (L A o D + 1 )

M (ΦΩ̂ (L A o D + 1 )

M )† ∈ CMB S ×MB S is a
projection matrix with Tr{BΩ̂ ( t ) } = |Ω̂(t) |. According to the
definition of the Frobenius norm, we can rewrite (38) as
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∥∥2
F

= Tr
{
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By (39), the expectation value of the power of the successive
residual difference in the iteration t = LAoD + 1 can be written
as
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}}
= E

{
Tr

{
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