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Abstract. Reed-Solomon (RS) codes play an important role in providing error protection and data integrity.
Among various Reed-Solomon decoding algorithms, the Peterson-Gorenstein-Zierler (PGZ) algorithm in general
has the least computational complexity for small t values. However, unlike the iterative approaches (e.g., Berlekamp-
Massey and Euclidean algorithms), it will encounter divided-by-zero problems in solving multiple t values. In
this paper, we propose a multi-mode hardware architecture for error numbers ranging from zero to three. We first
propose a cost-down technique to reduce the hardware complexity of a t = 3 decoder. A Finite-field Inversion (FFI)
elimination scheme is also proposed in our PGZ kernel. Next, we perform an algorithmic-level derivation to identify
the configurable feature of our design. With those manipulations, we are able to perform multi-mode RS decoding
in one unified VLSI architecture with very simple control scheme. The very low cost and simple data-path make
our design a good choice in small-footprint embedded VLSI systems such as Error Control Coding (ECC) in
memory/storage systems.

Keywords: Reed-Solomon code, error control coding, Peterson-Gorenstein-Zerler algorithm, Chien search
algorithm, Forney algorithm

1. Introduction

Reed-Solomon (RS) codes have a widespread use for
forward error correction in digital transmission and
storage systems. As codes are a special case of BCH
codes, and have become a popular choice to pro-
vide data integrity due to there good error correction
capability for burst transmission errors [1–3].

Among various RS decoding algorithms [4], the
Peterson-Gorenstein-Zierler (PGZ) algorithm [5, 6]
provides the simplest way to realize the RS decoder for

t ≤ 3. It is very cost-effective for systems that require
only small correcting capability, e.g., Error Control
Coding (ECC) in processor-memory systems and digi-
tal answer machines. Unlike the iterative RS decoding
methods (e.g., Berlekamp-Massey algorithm [7, 8] and
Euclidean’s GCD algorithm [9–11]), the major draw-
back of the conventional PGZ algorithm is that it has
only one single correction capability. That is, the PGZ
circuit to solve t = 3 cannot function correctly if t is 1
or 2. As a result, a t ≤ 3 PGZ decoder will need three
copies of hardware components to compute t = 1, t = 2,
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Figure 1. (a) Three copies of PGZ decoders based on conventional
design approach, (b) The proposed multi-mode PGZ decoder.

and t = 3, respectively. The whole circuit is shown in
Fig. 1(a).

Obviously, placing three copies of decoders on a
circuit will definitely be a waste of silicon area and
cost. We seek a simple way to merge three different
decoders into one unified VLSI circuit. In this paper,
we derive a configurable VLSI architecture to perform
the multi-mode RS code for various correction capa-
bilities (i.e., different t values) based on the Peterson-
Gorenstein-Zierler (PGZ) algorithm [12–14]. We call
it Multi-mode PGZ decoder as illustrated in Fig. 1(b).
The reconfigurable feature of the proposed multi-mode
PGZ decoder can solve t = 0, 1, 2, 3 errors in one
unified VLSI architecture with very low hardware
cost.

In our derivation, we first propose a reduced-
complexity t = 3 PGZ decoder architecture. We also
introduce the Modified Error Value Polynomial and
Modified Error Location Polynomial to eliminate all
Finite-field Inversion (FFI) operations in the PGZ ker-
nel, which helps to reduce the hardware cost and
enhance the speed performance. Next, we perform
an algorithmic-level derivation to identify the config-
urable feature of our design. Compared with the fixed
t = 3 PGZ decoder, the proposed FFI-free multi-mode
PGZ decoder requires only three additional Finite-
field Multipliers and one addition Finite-field Adder.
The very low cost and simple data-path make our de-
sign a good choice in small-footprint embedded VLSI
systems such as ECC in memory systems.

The rest of this paper is organized as follows. In
Section 2, we go through the details of the PGZ decod-
ing algorithm. Then, we derive the reduced-complexity
RS decoder for t = 3. In Sections 3 and 4, we present
the multi-mode RS decoder. In Section 5, we discuss
the hardware complexity to illustrate the hardware sav-
ing of our approach. Finally, we conclude our work in
Section 6.

2. Review of PGZ Algorithm

Let polynomial c(x) denote the transmitted code word.
The received code word, r (x), can be represented as

r (x) = c(x) + e(x), (1)

where e(x) represents the error pattern. The syndrome
values, denoted by Si , are obtained by evaluating the
received polynomial r (x) at αi . that is,

Si = r (αi ) =
n−1∑
j=0

r j (α
i ) j , 1 ≤ i ≤ 2t. (2)

The corresponding Syndrome Polynomial is defined as

S(x) =
2t−1∑
i=0

Si+1x .i (3)

The Peterson-Gorenstein-Zierler (PGZ) algorithm
consists of two main steps [15]. Firstly, we solve the
Newton Identity:




S2 S3 · · · St+1

S3 S4 · · · St+2

...
...

. . .
...

St + 1 St + 2 · · · S2t







σt−1

σt−2

...

σ0


 =




−S1

−S2

...

−St


 . (4)

The syndrome values are used to solve for the σi values
in Eq. (4). Those σi values are used to define the Error
Location Polynomial:

σ (x) = σ0 + σ1x + · · · + σt−1xt−1 + xt . (5)

Next, we need to solve the Key Equation

σ (x)S(x) = −ω(x) + µ · x2t , (6)

to identify the Error Value Polynomial

ω(x) = ω0 + ω1x + · · · + ωt−1xt−1. (7)

2.1. PGZ Algorithm for t = 1

Given t = 1, from Eq. (4), we have

[S2][σ0] = [−S1], and σ0 = S1

S2
. (8)
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Then, we can compute the error location polynomial
as

σ (x) = σ0 + x . (9)

Next, we can solve the key equation for t = 1

σ (x)S(x) = −ω(x) + µ · x2, (10)

ω(x) = −(σ0 + x)(S1 + S2x) mod x2, (11)

where the error value polynomial is

ω(x) = ω0, and ω0 = σ0S1. (12)

2.2. PGZ Algorithm for t = 2

For t = 2, Eq. (4) is reduced to

[
S2 S3

S3 S4

][
σ1

σ0

]
=

[−S1

−S2

]
. (13)

Then, we have

σ0 = S1S3 + (S2)2

S2S4 + (S3)2
, σ1 = S2S3 + S1S4

S2S4 + (S3)2
, (14)

and the error location polynomial can be written as

σ (x) = σ0 + σ1x + x2. (15)

Solving the key equation for t = 2 yields

σ (x)S(x) = −ω(x) + µ · x4, (16)

ω(x) = −(σ0 + σ1x + x2)

× (S1 + S2x + S3x2 + S4x3) mod x4.

(17)

Then, the error value polynomial can be represented as

ω(x) = ω0 + ω1x, (18)

with ω0 = σ0S1 and ω1 = σ0S2 + σ1S1. (19)

2.3. PGZ Algorithm for t = 3

Similarly, for t = 3, we have



S2 S3 S4

S3 S4 S5

S4 S5 S6







σ2

σ1

σ0







−S1

−S2

−S3


 . (20)

The coefficients of the error location polynomial can
be solved as

σ0 = S1 S3 S5 + S1 S4 S4 + S2 S2 S5 + S3 S3 S3

S2 S4 S6 + S4 S4 S4 + S3 S3 S6 + S2 S5 S5
,

σ1 = S2 S2 S6 + S1 S4 S5 + S3 S3 S4 + S2 S4 S4 + S1 S3 S6 + S2 S3 S5

S2 S4 S6 + S3 S4 S5 + S3 S4 S5 + S4 S4 S4 + S3 S3 S6 + S2 S5 S5
,

σ2 = S1 S4 S6 + S2 S4 S5 + S3 S3 S5 + S1 S5 S5 + S2 S3 S6 + S3 S4 S4

S2 S4 S6 + S3 S4 S5 + S3 S4 S5 + S4 S4 S4 + S3 S3 S6 + S2 S5 S5
,

(21)

and the corresponding error location polynomial is

σ (x) = σ0 + σ1x + σ2x2 + x3. (22)

The key equation for t = 3 can be written as

σ (x)S(x) = −ω(x) + µ · x6, (23)

and

ω(x) = −(σ0 + σ1x + σ2x2 + x3)

× (S1 + S2x + S3x2 + S4x3 + S5x4 + S6x5) mod x6.

(24)

Hence, the error value polynomial can be solved as

ω(x) = ω0 + ω1x + ω2x2, (25)

with

ω0 = σ0S1, ω1 = σ0S2 + σ1S1,
(26)

ω2 = σ0S3 + σ1S2 + σ2S1.

Obviously, Eq. (21) turns out to be very complicated
compared with Eq. (8) and Eq. (14). The direct imple-
mentation of Eq. (21) will be tedious and complicated.
In what follows, we derive a new scheme to calculate
to σ0, σ1, and σ2 in a cost-efficient way.

2.4. Reduced-Complexity Reed-Solomon Decoder
Architecture for t = 3

From Eq. (21), we discover that the term, S2S5, ap-
pears quite frequently, e.g., it is the common term of
S2S2S5, S2S3S5, S2S4S5, S2S5S5. Thus, if we calculate
S2S5 first, the overall computation complexity can be
reduced significantly. Similarly, we can identify other
common terms, such as S2S6, S4S4, S3S3, S2S5, S1S5,
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Figure 2. The block diagram of the t = 3 PGZ architecture (σpart)
with one FFI unit.

Figure 3. The block diagram of the t = 3 PGZ architecture (ω part).

S1S6, and calculate them first, which leads to a cost-
efficient architecture as illustrated in Fig. 2. When σ0,
σ1, and σ2 are available, ω0, ω1, and ω2 can be obtained
from Eq. (26), as illustrated in Fig. 3.

2.5. FFI-free Modified PGZ algorithm for t = 3

In Fig. 2, there exits one Finite-field inverter (FFI) unit.
In general, the FFI operation is more complicated than
the Finite-field Multiplication (FFM) and Finite-field
addition (FFA) in the RS decoding process. Hence,
the architecture with an inverter circuit will not only
increase the hardware cost but also decrease the oper-
ating speed of our decoder. In the following, we derive a
modified PGZ algorithm to eliminate the FFI operation
in Fig. 2.

To facilitate our derivation, we define

St×t =




S2 S3 · · · St+1

S3 S4 · · · St+2

...
...

. . .
...

St + 1 St + 2 · · · S2t


 ,

σt×1 =




σt−1

σt−2

...

σ0


 , st×1 =




−S1

−S2

...

−St


 . (27)

Now the Newton Identity in Eq. (4) can be rewritten as

St×tσt×1 = st×1. (28)

We also define

At = det(St×t ). (29)

as the determinant of the matrix St×t . By multiplying
At with Eq. (5) and Eq. (7), we now have the Modified
Error Location Polynomial �(x) defined as

�(x) = Atσ (x)

= Atσ0 + Atσ1x + · · · Atσt−1xt−1 + At x
t

= �0 + �1x + · · · + �t−1xt−1 + �t x
t , (30)

and the Modified Error Value Polynomial 	(x) defined
as

	(x) = Atω(x) = Atω0 + Atω1x + · · · + Atωt−1xt−1

= 	0 + 	1x + · · · + 	t−1xt−1. (31)

With the newly defined polynomials, for t = 1, we can
solve the coefficients of �(x) and 	(x) as

A1 = S2, (32){
�0 = A1σ0

�1 = A1
, (33)

	0 = A1σ0S1 = A1ω1. (34)

For t = 2, we have

A2 = S2S4 + (S3)2, (35)
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�0 = A2σ0

�1 = A2σ1

�2 = A2

, (36)

{
	0 = A2σ0S1 = A2ω0

	1 = A2σ0S2 + A2σ1S1 = A2ω1
. (37)

Similarly, for t = 3, the coefficients are

A3 = S2S4S6 + S4S4S4 + S3S3S6 + S2S5S5, (38)


�0 = A3σ0

�1 = A3σ1

�2 = A3σ2

�3 = A3

, (39)




	0 = A3σ0S1 = A3ω0

	1 = A3σ0S2 + A3σ1S1 = A3ω1

	2 = A3σ0S3 + A3σ1S2 + A3σ2S1 = A3ω2

⇒




	0 = �0S1

	1 = �0S2 + �1S1

	2 = �0S3 + �1S2 + �2S1

. (40)

Comparing Eq. (21) with the above equations, we
see that the division operations are eliminated. Hence,
if we employ the modified error location polynomial
and modified error value polynomial to compute the
error values, we can eliminate the FFI unit in Fig. 2.
This can further reduce the hardware complexity and
the critical path can be shortened. The resulting archi-
tecture to implement the modified error location poly-
nomial is shown in Fig. 4. When �0, �1, and �2 are
available, 	0, 	1, and 	2 can be obtained from Eq.
(40). The FFI-free architecture of the modified error
value polynomial is similar to the circuit in Fig. 3. The
only difference is that we replace both input and output
signals with new parameters, �i and 	i , for i = 0, 1,

and 2.

3. Multi-Mode PGZ Algorithm and Architecture

3.1. Problems of t = 3 PGZ Architecture
when t = 1 or 2

The block diagram introduced in Section 2.4 can func-
tion correctly only when the received code word has ex-
actly three errors. However, if the error number is less
than three, divide-by-zero problem will occur. Specif-

Figure 4. The block diagram of the t = 3 FFI-free PGZ architecture
(� part).

ically, for t = 3, we have to solve




S2 S3 S4

S3 S4 S5

S4 S5 S6







σ2

σ1

σ0


 =




−S1

−S2

−S3


 . (41)

If the error number is less than 3, the three columns of
the 3-by-3 matrix will become linearly dependent, that
is




S2

S3

S4


 = α


 S3

S4

S5


 = β




S4

S5

S6


 ,

where α and β are constants. (42)

Consequently, the denominator term and three numer-
ator terms of the Eq. (21) are all equal to zero.

S2S4S6 + S4S4S4 + S3S3S6 + S2S5S5 = 0,

S1S3S5 + S1S4S4 + S2S2S5 + S3S3S3 = 0,

S2S2S6 + S1S4S5 + S3S3S4 + S2S4S4 + S1S3S6 (43)

+ S2S3S5 = 0,

S1S4S6 + S2S4S5 + S3S3S5 + S1S5S5 + S3S3S6

+ S3S4S4 = 0.

Similarly, the denominator term and two numerator
terms of σ s in Eq. (14) also become zero when the
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error numbers is less than 2:

S2S4 + S3S3 = 0,

S1S3 + S2S2 = 0, (44)

S1S4 + S2S3 = 0.

Apparently, the σ values are now equal to divide-by-
zero numbers, which cannot be manipulated anymore.
Hence, the t = 3 architecture above cannot guarantee
the right results given that t = 1 or 2. To overcome
such a problem, three hardware copies (Fig. 1(a)) are
needed, together with a specific state machine to check
the error status.

3.2. The Proposed Multi-mode Decoding Algorithm

In fact, the zero values contain some information to
facilitate our derivations. That is, by recognizing one
of four terms in Eq. (43) and one of three terms in
Eq. (44) the error number can be found. For instance,
(S2S4S6 + S4S4S4 + S3S3S6 + S2S5S5) will be equal to
zero when t = 0, 1, 2; (S2S4 + S3S3) will be equal to
zero when t = 0, 1, and S2 will be equal to zero when
t = 0. Moreover, from the definition of Eq. (29), S2,
(S2S4 + S3S3), (S2S4S6 + S4S4S4 + S3S3S6 + S2S5S5)
are equal to A1, A2, A3, respectively. Consequently,
we can examine these three terms to detect the error
number t by checking the determinant values. Figure 5
shows the flowchart to detect the error number. Based
on our derivations, our circuit can detect at most three
errors. If the number of errors exceeds three during the
transmission, the number of roots of the error location

Input three determinant terms:
A1, A2, and A3

All terms are equal to zeros?

How many errors is occurred? 

No error

N error = 2

No. of roots of 
the error location polynomial

equals to N errors?

N error = 1 N error = 3

CorrectableNot correctable

Yes

No

YesNo

Figure 5. The flowchart to detect the error number in the proposed
RS decoder.

polynomial is not equal to the number of the detected er-
rors. Since the number of errors exceeds the correctable
range, the errors cannot be corrected.

By examining Eq. (14) carefully, we can dis-
cover that S1S3, S2S2, S2S4, S3S3, S2S3, S1S4, and
S1S3 + S2S2, S2S4 + S3S3, S2S3 + S1S4 are generated
when calculating σ for t = 2. Our approach is to com-
pute σ for t = 3 using these terms as a basis. From
Eq. (21), we also discover that these terms appear
frequently. The term, S3S3, e.g. is the common term
of S3S3S3, S3S3S4, S3S3S5, S3S3S6. Although there is
more hardware needed, the multi-mode PGZ decoder
will generate the term needed to calculate different σ

for t = 1, 2, 3 at the same time. Providing that we know
the error number, the correct term to calculate the σ

value can be chosen. Figures 6 and 7 show the block

Figure 6. The block diagram of the FFI-free multi-mode PGZ
architecture (� part).

Figure 7. The block diagram of the FFI-free multi-mode PGZ
architecture (	 part).
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diagram of the proposed multi-mode PGZ decoder ar-
chitecture. The algorithm of the controller is based on
the flowchart in Fig. 5. Note that the multiplexors will
select the � values, which have the same mathematical
meaning as the σ values. It helps to eliminate the FFI
unit as discussed in Section 2.5.

4. Multi-Mode Chien’s Search
and Forney’s Method

After locating all σ and ω values, the error location
polynomial of Eq. (5) and the error value polyno-
mial of Eq. (7) can be formed. According to Chien’s
search, the error location l satisfies the equation
below:

σ (α−1) = σ0 + σ1x + σ2x2 + · · · + σt x
t = 0,

σt = 1, 0 ≤ l ≤ 2m − 1, (45)

where l denotes the error location. Note that searching
the roots of Eq. (45) is equal to searching the roots of
the modified error location polynomial:

�(α−l ) = �0 + �1x + �2x2 + · · · + �t x
t = 0,

0 ≤ l ≤ 2m − 1. (46)

For t = 1, t = 2, and t = 3, Eq. (46) is reduced to

�(x) = A1σ0 + A1x1 + 0x2 + 0x3

= �0 + �1x1 + 0x2 + 0x3, for t = 1, (47)

�(x) = A2σ0 + A2σ1x1 + A2x2 + 0x3

= �0 + �1x1 + �2x2 + 0x3, for t = 2, (48)

�(x) = A3σ0 + A3σ1x1 + A3σ2x2 + A3x3

= �0 + �1x1 + �2x2 + �3x3, for t = 3,

(49)

respectively. Suppose that we build a circuit to solve
the equation for the t = 3 case, deliberately setting �2

to A2 for the t = 2 case, and �2 to 0, �1 to A1 for the
t = 1 case, the roots of Eqs. (47–49) can be searched,
no matter what t is. The outcome from the multiplexor
of the multi-mode decoder will pick up appropriate �

values.
Meanwhile, Forney’s method [16] is applied to find

the error value El , which corresponds to the error

location l. Then we have

El = ω(α−�)

σ ′(α−�)
= Atω(α−�)

Atσ ′(α−�)
= 	(α−�)

�′(α−�)

= α−�	(α−�)

�odd(α−�)
, (50)

where

�(x) = �1 + 2�2x + 3�3x2 · · · + t�t x
t−1

= �1 + �3x2 + �5x4 + · · · = �odd(x)

x
. (51)

Setting t = 1, 2 or 3, the error values for three special
cases can be expressed as

El = A1ω0 + 0x1 + 0x2

A1 + 0x2
= 	0 + 0x1 + 0x2

A1 + 0x2
,

for t = 1, (52)

El = A2ω0 + A2ω1x1 + 0x2

A2σ1 + 0x2
= 	0 + 	1x1 + 0x2

�1 + 0x2
,

for t = 2, (53)

El = A3ω0 + A3ω1x1 + A3ω2x2

A3σ1 + A3x2

= 	0 + 	1x1 + 	2x2

�1 + A3x2
, for t = 3. (54)

The equation for the t = 3 case is obviously the most
complicated. Therefore, once an architecture can re-
solve it, the equation for t = 2 as well as t = 1 can be
calculated only by changing the coefficients. The con-
troller will control the multiplexor to select the proper
values in Fig. 7.

Figure 8 shows the implementation of Chien’s search
and Forney’s method. The offset is the corrupted data,
which must be added to the corresponding error value
El to produce the corrected data.

5. Comparison of Complexity

The main drawback of the PGZ algorithm is that
its hardware complexity will rise rapidly when t is
larger than three. According to our estimation, the di-
rect implementation of the PGZ algorithm for t = 3
without employing any cost-down techniques requires
40 Finite-field multipliers (FFM) and 16 Finite-field
adders (FFA). By exploiting the special properties of
the finite field operations in Section 2.4, we have de-
rived a reduced-complexity PGZ decoder for t = 3.



258 Hsu, Wang and Wu

Table 1. Hardware complexity to perform the PGZ algorithm by direct mapping. The cost can be further reduced
by reusing the FFA and FFM units.

Architecture type Number of FFM Number of FFA Number of FFI

Direct implementation of PGZ algorithm for t = 3 21 11 1

Proposed reduced-complexity FFI-free PGZ for t = 3 18 11 0

Proposed FFI-free Multi-mode PGZ for t = 0, 1, 2, 3 21 12 0

Figure 8. The block diagram of the proposed Chien’s search and Forney’s method.

It requires only 21 FFM and 11 FFA and the hard-
ware complexity is reduced by approximately 50%.
Furthermore, we revise the error location polynomial
and error value polynomial to eliminate one FFI unit
and three FFM units. The design techniques of the
reduced-complexity t = 3 PGZ decoder in Section 2.4
and Section 2.5 are also applied to our FFI-free multi-
mode PGZ decoder for any t ≤ 3. It needs only 21 FFM
and 12 FFA. The comparison of hardware complexity
is shown in Table 1. As we can see, compared with
the reduced-complexity design, only three additional
FFM and one addition FFA are required in our multi-
mode PGZ architecture. That is, our multi-mode PGZ
architecture can solve for t = 0, 1, 2, 3 errors in one uni-
fied VLSI architecture, but with very small hardware
overhead.

6. Conclusions

In the paper, we presents the algorithm derivation and
VLSI architecture of a multi-mode PGZ-based RS de-
coder. It can compute the correct error locations and

error values for any t less than four, at a very low com-
plexity. Due to the help of configurable architecture,
we can easily perform the RS code for different values
of t without re-designing the hardware architecture.
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