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Abstract—The coordinate rotational digital computer
(CORDIC) algorithm is a well-known iterative method for the
computation of vector rotation. For applications that require
forward rotation (or vector rotation) only, the angle recoding
(AR) technique provides a relaxed approach to speed up the
operation of the CORDIC algorithm. In this paper, we further
apply the concept of AR technique to extend the elementary
angle set in the microrotation phase. This technique is called the
extended elementary-angle set (EEAS) scheme. The proposed
EEAS scheme provides a more flexible way ofdecomposingthe
target rotation angle in CORDIC operation, and its quantization
error performance is better than AR technique. Meanwhile, to
solve the optimization problem encountered in the EEAS scheme,
we also proposed a novel search algorithm, called the trellis-based
searching (TBS) algorithm. Compared with the greedy algorithm
used in the conventional AR technique, the proposed TBS algo-
rithm yields apparent signal-to-quantization-noise ratio (SQNR)
improvement. Moreover, in the scaling phase of the EEAS-based
CORDIC algorithm, we suggest a novel scaling operation, called
Extended Type-II (ET-II) scaling operation. The ET-II scaling
operation applies the same design concepts as the EEAS scheme.
It results in much smaller quantization error than conventional
Type-I scaling operation in the numerical approximation of
scaling factor. By combining the aforementioned new schemes,
the proposed EEAS-based CORDIC algorithm can improve
the overall SQNR performance by up to 25 dB compared with
previous works. Also, given the same target SQNR performance,
we require only about 66% iteration number in the iterative
CORDIC structure, or use 66% hardware complexity in the
parallel CORDIC structure compared with conventional AR
technique. Hence, high-performance/low-latency CORDIC very
large-scale integration architectures can be achieved without
degrading the SQNR performance.

Index Terms—Angle recording (AR), coordinate rotational dig-
ital computer (CORDIC) algorithm, extended elementary-angle
set (EEAS), trellis-based searching (TBS).
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I. INTRODUCTION

T HE COORDINATE rotational digital computer
(CORDIC) algorithm is a well-known iterative tech-

nique to perform various basic arithmetic operations [1]–[3].
The algorithm is very attractive for hardware implementation
because it uses only elementary shift-and-add operations to
perform the vector rotation in the two–dimensional (2-D) plane.
Hence, the CORDIC algorithm can be applied to many digital
signal processing (DSP) applications where rotation-based
arithmetic functions are heavily utilized, such as linear system
solver [4], [5], digital lattice filters [6], [7], singular value
problems [8], and the fast Fourier transformation (FFT) [9],
[10].

However, the major disadvantage of the CORDIC algorithm
is its slow computational speed. For iterative CORDIC structure
[3], the speed performance of CORDIC operation is limited by
the large iteration number, , which is generally equal to the
internal wordlength, . To speed up the operations, usually,
carry-save adder can be used to eliminate the carry-propagation.
However, this is done at the expense of hardware complexity
[11]–[13]. At algorithmic level, one trivial solution for such a
problem is to reduce the iteration number directly; however,
signal will be seriously distorted by the approximation and
quantization noises in practical implementations [14]. On the
other hand, the angle recoding (AR) technique is proposed
to solve the aforementioned problem [15]. It is very suitable
for applications that use CORDIC algorithm in only forward
rotation mode (also known as vector rotation mode).1 That
is, the rotation angles are fixed and known in advance, such
as digital lattice filters [6], [7], [16] and discrete orthogonal
transformations [10], [17]–[19]. The major feature of those
applications is that the rotation sequence, , which con-
trols the rotation direction of each elementary angle in the
microrotation phase, can be computed in advance. In the AR
technique, by reformatting and searching for new rotation
sequences, the iteration number can be reduced significantly,
while the quantization noise level is not increased.

Basically, the superior performance (improved angle preci-
sion and reduced iteration number) of the AR technique comes
from the relaxation on the form of rotation sequence, , in

1The CORDIC algorithm can be operated in either forward rotation mode
(vector rotational mode), or backward rotation mode (angle accumulation
mode) [2], [3].
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the CORDIC algorithm. Motivated by this, we proposed an
algorithmic-level improvement scheme, called extended ele-
mentary-angle set (EEAS) scheme. In addition to the relaxation
on , the EEAS scheme further applies the relaxation on the
elementary angles. We first treat the elementary angles as the
set of arctangent of single signed-power-of-two (SPT) term.
From such a different viewpoint, employing one additional
SPT term in the representation of elementary angles provides a
very straightforward way to relax the constraint of conventional
elementary angles, and the precision/range of the elementary
angle set can be significantly extended. In fact, the use of
EEAS scheme has the effect of improving the signal-to-quan-
tization-noise ratio (SQNR) performance of the CORDIC
algorithm in vector rotation mode. The reason is that now we
have more choices of elementary angles in approximating the
target rotation angle.

Moreover, to solve the constrained optimization problem en-
countered in our EEAS-based CORDIC algorithm, we propose a
novel search algorithm, called the trellis-based searching (TBS)
algorithm. The search process operates in the similar way to
the trellis search (also known as Viterbi decoding algorithm
[20]–[22]), which is frequently used in decoding convolutional
codes in communication systems. We will show that the pro-
posed TBS algorithm has superior performance over the greedy
algorithm (GA), suggested in [15].

Next, to improve the scaling phase of the EEAS-based
CORDIC algorithm, we introduce the technique of Extended
Type-II (ET-II) scaling operation to perform the scaling
correction. The ET-II scaling operation inherits the feature of
the EEAS scheme in the microrotation phase, which makes
the very large-scale integration (VLSI) architecture of the
EEAS-based CORDIC algorithm regular and reusable. It can
also achieve much smaller quantization error than conventional
Type-I scaling operation (canonical signed digit (CSD)-based
representation [23]) in the approximation of scaling factor.

With the aid of the proposed EEAS scheme, TBS algorithm,
and ET-II scaling operation, we can derive an efficient VLSI
architecture to perform low-latency rotational operations. The
resulting parallel structures of EEAS-based CORDIC has the
least latency time compared with existing CORDIC approaches
[30], [31], [33], [34] for fixed target rotational angles. Specif-
ically, we obtain additional 25-dB SQNR gain compared with
the conventional approach developed in [15] under the same
complexity. We will show that given the same target SQNR per-
formance, we require only 66% iteration number in the itera-
tive CORDIC structure, or use 66% hardware complexity in the
parallel CORDIC structure compared with the conventional ap-
proach. Hence, high-performance/low-latency CORDIC VLSI
architectures become feasible without sacrificing SQNR perfor-
mance. The details of the implementational issues are discussed
in Section VIII.

The rest of the paper is organized as follows. In Section II, the
conventional CORDIC algorithm as well as AR technique are
briefly reviewed. In Section III, we develop the EEAS scheme to
improve the SQNR performance in the microrotation phase. In
Section IV, the TBS algorithm is discussed. Then, we compare
the performance between the proposed schemes (EEAS scheme
with TBS algorithm) and existing works (AR technique with

GA) in Section V. In Section VI, the proposed ET-II scaling
operation is addressed. Next, the combination of microrotation
and scaling phase is demonstrated in Section VII by using a de-
sign example. Two CORDIC VLSI architectures are addressed
in Section VIII. Finally, we conclude the paper in Section IX.

II. CORDIC ALGORITHM AND AR TECHNIQUE

A. Conventional CORDIC Algorithm

The CORDIC algorithm decomposes the rotation angle,,
into a combination of predefined elementary angles [1]–[3],
[11], and [12], i.e.,

(1)

where is the number of elementary angles,
is the rotation sequence which determines the direction of the
th elementary angle of , and denotes the

residue angle. Based on (1), the recurrence equations of the
CORDIC algorithm can be written as

(2)

for . In practical fixed-point implementation,
for data wordlength of bits, no more than iterations of
the recurrence relation in (2) need be performed. To achieve a
good performance, the number of microrotations,, is usually
chosen as , i.e., . Also, the final values, and

, need to be scaled by an accumulated scaling factor

(3)

to retain the norm of the initial vector . Other de-
tails of the conventional CORDIC algorithm can be found in [3].

B. The AR Technique [15]

In the conventional CORDIC algorithm, each elementary
angle needs to be performed sequentially so as to complete the
microrotation phase. However, in the applications where the
rotation angles are known in advance, it would be advantageous
to relax the sequential constraint on the microrotation phase.
The AR technique is done by extending the set of from
{ } to { } [15]. With the relaxation on , for
certain angles, we can obtain better approximation of(i.e.,
smaller residue angle,) but with reduced iteration number.

Nevertheless, the AR technique presented in [15] imposes
no restriction on the iteration number. Rotation angles of dif-
ferent values may need unequal numbers of iterations, which
may lead to bus/timing alignment problems in VLSI circuits. In
this paper, we employ one additional parameter, the maximum
iteration number , to limit the number of iterations. By doing
so, the number of total iterations in the microrotation phase can
be held fixed for various rotation angles. Now, the AR problem
with fixed iteration number can be summarized as follows.
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Given a target angle and the maximum iteration number,
find the rotation sequence for

such that the residue angle error

(4)

is minimized subject to the constraint that the number of total
iterations

(5)

III. CORDIC ALGORITHM BASED ON EEAS

A. Reformulation of the AR Problem

To facilitate the derivation of the proposed EEAS scheme, we
first rewrite the AR problem described above in an alternative
form. The reformulation is done by removing the redundant it-
erations of in (4), changing the variable and index, and
using the equality of . Then, (4) and
(5) can be recast in one single compact form as

(6)

where

• , , denotes the iteration index;
• is the rotational sequence that

determines the microrotation angle in theth iteration;
• is the directional sequence that controls

the direction of the th microrotation of ;
• is the th microrotation angle, defined as

.
Equation (6) shows that the reformulated AR problem is to find
the combination of elements from a set, which consists of all
possible values of , so that can be minimized. We call
such a set the elementary angles set (EAS), defined as

(7)

The reason for using the subscript 1 will become apparent later.
By doing so, the AR problem becomes:Given and , find
the combination of elementary angles from EAS, such that
the residue angle error is minimized.

B. EEAS Scheme

Next, we want to relax the constraint of elementary angles
so as to extend the EAS . By doing this, we can have more
choices (elementary angles) in approximating the target angle
. Hence, it is expected that the residue angle errorcan be

reduced correspondingly.

Fig. 1. Constellation of elementary angles of (a) setS , (b) setS , with
wordlengthW = 8.

First, by observing (7), we can see that the EASare com-
prised of arctangent of single SPT term, i.e.,
[see (7)]. In the problem of SPT-based digital filter design, one
effective way to increase the coefficient resolution (hence, the
filter performance) is to employ more SPT terms to represent
the filter coefficients [24], [25]. In [31], the authors suggested
adding one more term to increase the accuracy of the elemen-
tary angles. Motivated by these works, we can extend the angle
set by representing the elementary angles as the arctangent of
the sum of two SPT terms. That is

(8)

We call it EEAS in our derivation. The subscript is used to
denote the number of SPT terms. With the formulation in (8),
we can derive the EEAS-CORDIC algorithm and architecture
with very small iteration numbers. Note that the approach in [31]
has large fixed iteration number (19 for 16-bit accuracy), rather
than the small fixed constrained iteration number (around 4 for
16-bit accuracy) as suggested in this paper. The design focus and
treatment are different. In addition, with the new treatment/for-
mulation of EEAS, we derive the corresponding optimization
schemes in Sections IV and V. The design concept of EEAS can
be also applied to the scaling factor design in Section VI.

To demonstrate the effectiveness of the proposed scheme, we
show the constellation of the elementary angles fromand
in Fig. 1(a) and (b), respectively. As we can see, the number of
reachable angles of is much larger than that of . This im-
plies that EEAS can yield better error performance (smaller

) than with a fixed number of microrotations of elemen-
tary angles (iterations).

Based on the EEAS developed in (8), the recurrence equa-
tions of the conventional CORDIC algorithm in (2) now can be
modified as

(9)

for , where , , , and
denote the parameters to control theth microrotation of
elementary angle of .
In Table I, we summarize the microrotation procedure as well
as the scaling operation (to be discussed in Section VI) of
the proposed EEAS-based CORDIC scheme. Note that now
four additions are required to complete each microrotation



592 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: ANALOG AND DIGITAL SIGNAL PROCESSING, VOL. 50, NO. 9, SEPTEMBER 2003

TABLE I
SUMMARY OF THE PROPOSEDEEAS-BASED CORDIC SCHEME

of elementary angle from , which is twice as many as
in the conventional AR technique. Hence, the relaxation on
the set of elementary angles is obtained at the expense of
the doubled hardware/computational complexity. Fortunately,
as will be discussed in Section V, the increased complexity
can be compensated by using the halved maximum iteration
number. Also, the SQNR performance can be greatly improved.

IV. SEARCHING ALGORITHMS OF THEEEAS SCHEME

With the newly derived EEAS , now the optimization
problem of AR technique becomes:Given and , find
the parameters of , , , and (i.e., the
combination of elementary angles from EEAS), such that
the residue angle error

(10)

can be minimized.
One intuitive solution to the optimization problem is to

perform exhaustive search, i.e., exploring all possible combi-
nations of .
However, it is practically impossible due to its extraordinarily
heavy computational complexity. In what follows, we address
two searching algorithms to solve the optimization problem.

A. GA

First, the optimization problem of in (10) can be solved
by the GA. In [15], a similar approach has been used to solve
the conventional AR problem described in Section II-B. The GA
tries to approximate the remaining angle using a closest elemen-
tary angle at each search step without looking ahead of future
steps. By successively applying such an operation, the accumu-
lated angle can continually approach the target angleuntil the
searching algorithm is terminated; it terminates when no further
improvement can be found, or the th microrotation angle is
determined.

B. TBS Algorithm

In this paper, we propose an alternative searching algorithm,
called the TBS algorithm, to solve the optimization problem de-
scribed in (10). The use of the trellis-based search can also be
found in the applications of digital filter design [26]. We will
show in Section V-B that the proposed searching approach out-
performs the GA in terms of residue angle error.

To facilitate our discussion, we use an example to illustrate
the proposed TBS algorithm. Suppose that we need to perform
the rotation of angle , the internal wordlength ,
and the maximum iteration number is restricted to .

1) Definition and Initialization: First of all, let
denote the number of the elementary angles in the ex-
tended set , and each distinct elementary angle in
the set is expressed as , for ,
i.e., . In this example,

.
In the TBS algorithm, there are states in each step.

For th state ( ) of th search step, we use the
cumulative angle, , to denote the best approximation of
angle in the th state up to theth step. The TBS algorithm
is performed column-wise from left to right. Initially, we start
the TBS algorithm by setting all as the corresponding
elementary angles. That is

for all (11)

which is illustrated in the left-most part of Fig. 2.
2) Accumulation: A path in the trellis, which leaves theth

state at th step and enters theth state at th step, cor-
responds to an operation of adding by . Then, the
appended angle of becomes the candidate for

. Moreover, as shown in the right part of Fig. 2, from
a given state at step, the paths can diverge to all the states at
the next search step . Namely, there are paths,
carrying the corresponding appended angles of
for all , enters the th state at th step. Then, those ap-
pended angles form the candidate set for the cumulative angle
of .
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Fig. 2. Illustration of initialization process and transition paths of the proposed
TBS algorithm.

Fig. 3. Illustration of the determination of surviving path. The solid line
is the surviving path whose corresponding appended angle yields the best
approximation of� = �=3 among the candidate set, marked by the dashed line.

3) Comparison and Selection:Conceptually, the whole
process is similar to the trellis decoding of convolutional
code [20]–[22]. The TBS algorithm involves calculating and
minimizing the difference between the target angleand

for all at each search step. To be specific,
is determined in the way that

(12)
Then, the selected path is denoted as thesurviving path.2 Note
that we have to calculate all the cumulative angles for
all (thus, their corresponding surviving paths) before moving
to the th step. Continuing in this manner, we can succes-
sively advance deeper into the trellis (set ), until the
maximum iteration number is reached ( ).

Consider our design example, in which and .
The process of (12) is illustrated in Fig. 3. From those 15 paths
entering the twelfth state at the third search step, the path, of
which the appended angle is closest to

, is selected as the surviving path. In this case, the third path
( ), which is marked by the solid line, is selected. Then,
the resultant angle is assigned to for the subsequent
search process.

2In the situation that some appended angles entering the state are of equal
value, we can arbitrarily choose one path for the surviving path without affecting
the performance of the search results.

4) Determination of the Global Result and Trace
Back: After calculating the cumulative angles for all states at
the last search step, i.e., for , the next
procedure for the TBS algorithm is to determine the global
result, . Similar to the determination of surviving path, we
decide as follows:

(13)

Next, we can determine all the microrotations by tracing from
the state, whose corresponding is best approximation
of , along its surviving path backward.

In our example, the procedure for trace back is illustrated in
Fig. 4. All the surviving paths for each state at each step (except

) are represented by the dash line. First, is selected
as the global result. Then, trace along the surviving path that
connecting the thirteenth state at final step backward. Next, find
the state from which the surviving path leaves in the previous
step. By doing the process repeatedly, we can thus determine
the global surviving path of the TBS algorithm, as marked by
the solid line in Fig. 4. By traveling along the global surviving
path, we can find the visited states and read all the microrotation
angles that form the global result . In this case,

, which is the best approximation
of angle generated by the proposed TBS algorithm.

In Table II, we summarized the operations of the proposed
TBS algorithm in the form of pseudo code. In addition, it is
noteworthy that the proposed TBS algorithm can also be applied
to solve the AR problem in [15], i.e., the case of.

C. Error Bound of TBS Algorithm

Since the GA is also a progressive search procedure, for com-
parison purposes, the GA can also be illustrated in a similar
fashion to the trellis diagram. Consider the example of

, , and . In Fig. 5, the trellis-like repre-
sentation of the GA process (marked by the bold dashed line) is
demonstrated. In our discussion, we call such a line the greedy
path. In this figure, we show the global surviving path of the
TBS algorithm as well. Note that only some important states as
well as their surviving paths are shown.

From Fig. 5, we can easily explore the difference between
the GA and TBS algorithm. As we can see, for the GA, only one
single surviving path is allowed from one step to next step; while
in the TBS algorithm, there are simultaneous surviving
paths run in parallel. That is, at each search step of GA, we
are forced to select the best path among candidates and
eliminate all the other paths before moving to next step. Namely,
the process, which is used to determine the global results in the
TBS algorithm, is performed at each search step of GA.

Lemma: Let and denote the residue angle error
provided by the GA and the TBS algorithm, respectively.It is
guaranteed that the TBS algorithm outperforms the GA in terms
of residue angle error, i.e., .

Proof: First, assume that the first segment of greedy path
starts at th state at the first step and enters theth state at the
second step (in this case, and ). It is noteworthy
that the segment of the greedy path must be one of the candidates
of the surviving path of th state at the second step in the TBS
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Fig. 4. Illustration of trace back procedure. The cumulative angle marked by the shaded block is the global result, and the solid black line that connects states
from the first step to the fourth step is the global surviving path.

TABLE II
SUMMARY OF TBS ALGORITHM

algorithm. Recall that , the best approximation ofalong
its surviving path up to the second step inth state, is determined
such that for is closest to . This
implies that the difference between the cumulative angle
and must be equal to or smaller than the difference between
the greedy results up to the second step and.

Advancing deeper into the trellis by tracing along the greedy
path, we find that the statement described above holds for all
search steps. That is, for any state at any search step visited by
the greedy path, say th state at th step, the corresponding
cumulative angle is always a better (or equally well)
approximation of than the result of GA up to step. Of course,
the statement is also true for . In the last step, moreover,
the determination of the global surviving path further pushes the

result of TBS algorithm toward the target angle. Let and
be the resultant angles of the TBS and GA, respectively.

Then, we have

(14)

where denotes the state that the greedy path terminated at the
last search step. It follows that

(15)

D. Comparison of Computational Complexity

Lemma: Assume that addition is an elementary operation.
For EEAS , greedy and TBS algorithm takes a computational
complexity of order and , respectively.

Proof: For GA, two procedures are performed at each
search step (assumeth step).

Proc. 1: Find the closest elementary angle to target angle
from EAS (or EEAS). Such a procedure takesoperations of
addition and one operation of finding the minimum value, where

denotes the size of the elementary angle set ( for
EAS or for EEAS ).

Proc. 2: Determine theth output angle and the target angle
of th search step.

For TBS algorithm, similarly, two procedures are performed
in each state at each search step (assumeth state at th step).

Proc. 1: The same as Proc. 1 of GA.
Proc. 2: Determine the surviving path ofth state atth step

and its corresponding cumulative angle.
It can be found that the basic operation (two procedures) of

these two searching algorithms are almost the same, implying
similar computational complexity. The major difference is that
TBS algorithm is executed in the parallel fashion:basic oper-
ations are performed at each search step, as opposed to one op-
eration in GA. As one can expect that the-parallel operation
dominates the computational complexity (hence, the runtime)
of TBS algorithm.
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Fig. 5. Comparison between GA and the proposed TBS algorithm. The GA is illustrated in the trellis-like manner for the parameters set:� = 3�=8,R = 4,
andW = 16.

Fig. 6. Averaged runtime of GA (top), and TBS algorithm (bottom) for various
wordlength,W , andR .

Based on the discussion above, we can find that the order of
computational complexity of GA is and the one of
TBS algorithm is . Moreover, for EEAS , is
approximately proportional to . Hence, we can simply re-
late the order of computational complexity of GA and TBS al-
gorithm to as and , respectively.

Fig. 6 shows the averaged runtime for TBS and GAs based
on EEAS . The results are obtained by the averaged run-
time by running 1000 randomly generated angles. These two
searching algorithms are implemented using MATLAB based
on a 350 MHz Pentium II processor.

Based on the results shown in Fig. 6, we can make the fol-
lowing two observations.

• For a fixed , the curves show that GA takes the
quadratic time, while TBS algorithm takes the biquadratic
time.

• Given and , the ratio of runtime between greedy and
TBS algorithm is approximately equal to, confirming
the aforementioned arguments.

With the proposed TBS algorithm, basically, we trade the
computational complexity for the error performance. However,
note that all the searching algorithms are performed offline,
i.e., no real-time or online operations solving the optimization
problem are required in performing the EEAS-based CORDIC
algorithm.

V. PROPOSEDSCHEME AND PERFORMANCECOMPARISON

A. EEAS Scheme versus AR Technique (EEASversus EAS
)

Recall that it takes four full adders (FAs) to perform each
microrotation of the elementary angle in the EEAS scheme,
as opposed to two FAs in the AR technique. To make a fair
comparison, the performance of these two approaches must be
evaluated under the condition thatthe maximum number of FAs
are the same. Denote the maximum iteration number of EEAS
scheme and AR technique as and , respec-
tively. They need to satisfy the constraint of

(16)

In the experiment, 4097 uniformly spaced rota-
tion angles in the region from 0 to , i.e., ,

, are per-
formed. The GA is adopted to solve the optimization problem,
and the wordlength . The simulation results are shown
in Fig. 7, where and denote the ensemble-averaged
residue angle error of the AR technique and the EEAS scheme,
respectively. The response in Fig. 7 is obtained by plotting

versus the maximum iteration number, , and
versus .

From Fig. 7, we can make the following observations.
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Fig. 7. Performance comparison between AR technique and the proposed
EEAS scheme.

• Increasing the maximum iteration number ( or
) has the effect of improving error perfor-

mance. This is consistent with the conventional CORDIC
algorithm.

• The results show that the proposed EEAS scheme out-
performs the AR technique when the comparison criteria
(16) is satisfied. This can be explained that the elementary
angle set in (7) is only a subset of in (8). Any pos-
sible combination of elementary angles fromcan also
be constructed by using set .

Moreover, for the case of , the
, which is only 50.4% of the ensemble-av-

eraged residue angle error of the AR technique,
.

In addition, we employ another performance index, SQNR.
It provides more insights about the signal quality in practical
implementations. The SQNR is related to as [27]

dB

(17)

where denotes the scaling approximation error, as will be
discussed in Section VI.

B. TBS Algorithm versus GA

Next, we repeat the simulation used above to see the effec-
tiveness of the proposed TBS algorithm. In this simulation,
both GA and TBS algorithms are applied to solve the opti-
mization problem of AR technique. They are run for eight
different values of the maximum iteration number, namely,

. Let and denote the residue
angle error generated by the greedy and TBS algorithm,
respectively. The simulation results are shown in Fig. 8.

Based on these results, we can make the following
observations.

• For any , we can obtain superior error perfor-
mance with the proposed TBS algorithm over the GA.
This confirms our arguments in Section IV. For the case
of , it can be easily shown that the operation

Fig. 8. Performance comparison between GA and TBS algorithm.

of TBS algorithm is identical to the GA. Hence, the error
performance is the same.

• The improvement of the error performance of TBS al-
gorithm become more significant as maximum iteration
number, , increases. The reason is that as
increases, more possible combinations of the elementary
angles can be found by the TBS algorithm than the GA.

Next, consider the case of . The ensemble-averaged
residue angle error of GA is , while the one
of the proposed TBS algorithm is as small as

. In term of SQNR value, the proposed TBS algorithm can
provide additional 8.6 dB SQNR gain over the result of greedy
search in solving the AR problem.

C. Combination of EEAS Scheme and the TBS Algorithm

Under the same simulation environment, the combined
scheme is also performed. The results are shown in Fig. 8,
marked by the solid bold line. Finally, Table III presents a
summary of the error performance of four distinct possible
combinations. Both the ensemble-averaged residue angle error
and the additional SQNR gain (compared with the combination
of AR technique and GA used in [15]) are shown. In this
case, for 3, 27.5 dB additional SQNR gain can be
obtained when the proposed EEAS-based CORDIC algorithm
is employed with the help of TBS algorithm.

VI. SCALING PHASE OF THEPROPOSEDEEAS SCHEME

From the modified recurrence equations in (9), each microro-
tation enlarges the norm of the vector of by a factor
of

for . Hence, after the completion of (9),
the accumulated norm equals

(18)
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TABLE III
SUMMARY OF THE ERROR PERFORMANCE OFFOUR POSSIBLE COMBINATIONS OF AR TECHNIQUE, EEAS SCHEME, GA, AND TBS

ALGORITHM, WHERER = 3

To ensure the preservation of the norm of the input vector,
, we have to multiply by a

scaling factor of after the sequence of microrotations,
as summarized in Table I.

A. Conventional Scaling Approach

To save hardware complexity, practical implementation per-
forms the scaling operation by quantizing the scaling factor,,
in the two forms [28], [29]

Type I: (19)

Type II: (20)

where is the quantized value of , is the maximum it-
eration number in the scaling phase, , and

. The corresponding iteration proce-
dures are

Type I:

(21)
with , and

Type II:

(22)
with and . Note that it takes
iterations to complete the scaling phase, and the resultant vector
(i.e., the final output vector) is . By
doing so, we can approximate the multiplication ofwith only

shift-and-add operations, which eliminates the overhead of
scaling multipliers.

As one can expect, this approximation process will intro-
duce some quantization noise, and the noise increases asde-
creases. As with the microrotation phase, we introduce another
performance index of scaling approximation error, which is
defined as

(23)

to describe the amount of error introduced by the approxima-
tion process. The relationship between the scaling approxima-
tion error, , and its corresponding SQNR performance is also
described as (17) [27].

B. The ET-II Scaling Operation

Similar to the EEAS scheme, the key concept of the proposed
scaling operation is to reformulate the aforementioned scaling
types. We start the derivation with Type-II scaling operation.
The basic idea here is to increase the number of possible values
that can be represented by ( ), as shown inside
the square bracket in (20). Similar to the derivation of EEAS
scheme, this can be achieved by employing one extra SPT term
in (20). Then, we obtain

(24)

Since the relaxation of scaling procedure is done by extending
the conventional Type-II scaling operation, we call it the ET-II
scaling operation. By doing so, it is expectable that we can ob-
tain more accurate approximation of due to the increased
design parameters.

By quantizing in this way, the scaling operation can be ac-
complished within iterations by using the recurrence equa-
tions, as shown in (25) at the bottom of the next page. The
initial settings of scaling phase are set as and

.
The advantages of the proposed ET-II scaling operation are

as follows.

• Equation (24) adds one more design parameter compared
with conventional Type-I and Type-II scaling operations.
The flexibility implies the less scaling approximation
error, .

• The recurrence equations of (25) are very similar to the
EEAS scheme in the microrotation phase, as shown in (9).
This suggests thatthe ET-II scaling operation can share
the same circuits with microrotation module. The consis-
tency of the circuits in these two phases makes the struc-
ture more regular, which is a desirable feature in practical
VLSI implementation.

C. Simulations

Similar to comparison between EEAS scheme and AR tech-
nique in Section V-A, the iteration number of Type-I or Type-II,

, and the one of ET-II scaling operation, , must satisfy the
constraint of

(26)
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TABLE IV
SUMMARY OF ERRORPERFORMANCE OFTHREE SCALING TYPES, TYPE-I
SCALING, TYPE-II SCALING, AND PROPOSEDET-II SCALING OPERATION

Here we continue the computer simulation in Section V-C.
Specifically, 4097 rotation angles are run for the proposed TBS-
based EEAS scheme in the microrotation phase, thus generating
4097 sets of , , , and . Next, we calculate
their respective scaling factors based on (18). Then, with the
aid of TBS algorithm, the simulations are carried out by quan-
tizing these 4097 scaling factors with Type-I, Type-II, and the
proposed ET-II scaling operation, respectively. Table IV shows
the comparison results.

From Table IV, we can see that significant improvement
is obtained in performing the scaling operation with the
ET-II scheme. The resulting scaling approximation error
( ) is much smaller than that of Type-I scaling
operation ( ), which is the most commonly
used approach. In terms of SQNR value, we can achieve
additional 27.4 dB SQNR gain.

VII. COMBINATION OF MICROROTATION PHASE AND

SCALING PHASE

A. Design Example

Consider the example of rotation angle . Here, we
assume the wordlength , and the maximum iteration
numbers in microrotation phase and scaling phase are
and , respectively. The number of states in the TBS
algorithm is .

First, by applying the TBS algorithm in the microrotation
phase, we can obtain the combination of elementary angles from

. In this case, . Then,
from the indexes of these elementary angles, we can find the
corresponding sequences of , , , and for

, as listed in Table V.
Next, the scaling factor can be calculated by

substituting the sequences above into (18). Similarly, with
the help of TBS algorithm, we can obtain the approximated
scaling factor as . The corre-
sponding parameters of ET-II scaling operation are summarized
in Table V. The resultant and show that the proposed

TABLE V
SUMMARY OF DESIGNEXAMPLE OF � = �=16,W = 16,R = 3,R = 3

Fig. 9. Performance comparison between the conventional approach and the
proposed approach.

scheme can effectively reduce the quantization noise in prac-
tical implementation.

B. Simulation of Complete EEAS-Based CORDIC Algorithm

Now we combine the microrotation phase and the scaling
phase, which finishes the complete EEAS-based CORDIC rota-
tion. In this simulation, two kinds of combination are performed.

• Combination 1 (the conventional approach developed in
[15]): AR technique in microrotation phase with greedy
search, and Type-I scaling operation in scaling phase.

• Combination 2 (the proposed approach): The EEAS
scheme in microrotation phase and the ET-II scaling
operation in scaling phase, both performed with the aid
of the TBS algorithm.

In Fig. 9, the SQNR performance of these two combination is
plotted for 64 uniform spaced angles in the region from 0 to

, i.e., . Actu-
ally, these angles are the basis rotation angles (the twiddle fac-

(25)
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Fig. 10. Iterative structure of the EEAS-based CORDIC algorithm.

tors) of the 512-point FFT/IFFT.3 For each rotation angle, the
SQNR value is obtained by first computing the residue angle
error, , and the scaling approximation error,, in the two
separate phases. Then, using (17), we can accurately estimate
the SQNR performance.

The results in Fig. 9 indicate the following.

• The proposed approach consistently behaves better than
the conventional approach for all the rotation angles.
The ensemble-averaged SQNR value of the 65 angles
is 94.9 dB, which is about 25 dB greater than that of
conventional approach.

• The proposed approach provides apparent SQNR im-
provement for those large rotation angles.

• In certain applications, what we are concerned with is the
worst case instead of the ensemble-averaged performance.
In this simulation, the worst case generated by our ap-
proach is 75.2 dB, while the one of the conventional ap-
proach is as low as 45.3 dB. The SQNR difference is nearly
30 dB.

VIII. VLSI A RCHITECTURE OF THEEEAS-BASED

CORDIC ALGORITHM

In Fig. 10, we illustrate the iterative structure for the pro-
posed EEAS-based CORDIC algorithm. It is built based on the
conventional iterative CORDIC structure in [3]. It consists of
two barrel shifters (BS), four multiplexers (MUX), and four
adders/subtractors. As shown in Fig. 10, two separate phases are
performed to complete single CORDIC rotation, i.e., the micro-
rotational phase (marked by solid line) and the scaling phase
(marked by dashed line). In each phase, three kinds of control
signal are used to control the operations:

• and in microrotation phase as well as ,
in scaling phase: they control the number of bits to

be shifted by barrel shifters;

3The rotation angles, which are greater than�=4, can be easily performed by
introducing the prerotation angle [15]. For example, rotation of� = 311��=256
can be done by first rotating�=2 followed by a rotation angle of55��=256.Note
that rotation of�=2 can be done without going through CORDIC algorithm.

• and in microrotation phase as well as ,
in scaling phase: they determine the operations of

adders/subtractors;
• control signal, : it governs the phase switching of the

iterative structure.

All the control signals can be generated by the proposed TBS
algorithm in advance.

By unfolding the iterative implementation of Fig. 10, we
can obtain the parallel structure, as depicted in Fig. 11. The
structure is composed of ( ) basic EEAS-based CORDIC
processors connected in cascade form, in which theleading
processors perform the microrotations and the following
processors execute the scaling operations. Each basic processor
performs one iteration as specified in Fig. 10. Moreover, for the
case that the parallel structure is dedicated to perform a particular
rotation angle, the operation of each processor is kept fixed.
We can thus save the hardware complexity easily by replacing
all the control circuits, barrel shifters, and multiplexers with
only wire routing. To design a general purpose EEAS-CORDIC
rotational circuits, we can apply a variety of adders/subtractors
to trade off hardware complexity and computational speed.
For example, carry-save adder can be used to eliminate the
effect of carry-propagation in each iteration, but we will have
two times the cost of the conventional one.

Table VI presents the comparison of the existing ap-
proaches/algorithms performing vector rotation in the 2-D
plane, including several CORDIC-based algorithms [30]–[34].
Note that the simulation results are the ensemble average of
1000 different rotation angles. As we can see, by using the
proposed EEAS-based CORDIC algorithm, vector rotation
can be accomplished with only 16 adders/subtractors of 16-bit
wordlength, while the SQNR performance, in an average sense,
is as high as 95.1 dB. Compared with the direct implemen-
tation with compatible error performance, which demands
four 16-bit*16-bit array multipliers and two 16-bit adders, we
require only 24% hardware complexity. Compared with the AR
technique in [15], only 66% hardware complexity is required.
The saving in hardware complexity is significant. Note that in
Table VI, the complexities of conventional CORDIC algorithm
and fast CORDIC algorithm [30] are the results of averaged
complexities. Actually, the averaged complexities imply the
nonuniform designs in the practical implementation. That is,
given a target rotation performance, the complexity can be quite
different form two different rotation angles. In the situation
that the rotation module is reused for all the angles, the largest
rotation complexity needs to be employed so as to perform the
all the rotation with good performance. Otherwise, the overall
performance can be significantly destroyed by those rotations
requiring larger complexity.

Also, the latency (speed) of these approaches are also
compared in Table VI, where denotes the delay introduced
by single full adder and denotes the delay from vector
merging adder (VMA). Finally, in this table, we also provide a
commonly-used comparison index, , which is a product
result of estimated area () and operation time (). As can be
seen in Table VI, the proposed algorithm requires the smallest

among all the rotational algorithms.
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Fig. 11. Parallel structure of the EEAS-based CORDIC algorithm.

TABLE VI
COMPARISON OFEXISTING APPROACHES/ALGORITHMS PERFORMINGVECTORROTATION IN 2-D PLANE, WHERE THEWORDLENGTH,W , IS 16

According to the estimation equation of power consumption,
, it can easily be shown that reducing the number

of adders (hence, the effective capacitance,) has the effect
of reducing the power directly in the parallel architecture. On
the other hand, in the iterative implementation, for a given data
throughput rate, we can lower down the operation frequency
( ) of arithmetic operators directly due to the reduced iteration
number. Consequently, low power can also be achieved for it-
erative architecture with the EEAS-based CORDIC algorithm.
Moreover, for both of these architectures, we can also lower
down the supply voltage because that the speed requirement
is relaxed [35]. Namely, with the help of the reduced iter-
ation number in iterative structure or the reduced hardware
complexity in parallel structure, the high-performance/low-la-
tency applications become feasible without sacrificing SQNR
performance.

IX. CONCLUSIONS

In this paper, motivated by the SPT representation of ele-
mentary angles, we proposed three novel schemes. The EEAS
scheme reduces the number of iterations in the microrotation
phase. The ET-II scaling operation improves the approximation
process of scaling factor in the scaling phase of the EEAS-based
CORDIC algorithm. The TBS algorithm plays essentially the
role of solving optimization problems encountered in these two
phases. Putting these techniques together, vector rotation can be
easily accomplished with only a few shift-and-add operations,
while the SQNR performance is maintained. The significant im-
provement makes applications, which call for high complexity,
feasible, such as high-point/high-speed discrete transformations
and high-order digital lattice filters.



WU et al.: A HIGH-PERFORMANCE/LOW-LATENCY VECTOR ROTATIONAL CORDIC ARCHITECTURE 601

REFERENCES

[1] J. E. Volder, “The CORDIC trigonometric computing technique,”IRE
Trans. Electron. Comput., vol. 8, pp. 330–334, Sept. 1959.

[2] J. S. Walther, “A unified algorithm for elementary functions,” inProc.
Spring Joint Computer Conf., 1971, pp. 379–385.

[3] Y. H. Hu, “CORDIC-based VLSI architectures for digital signal pro-
cessing,”IEEE Signal Processing Mag., pp. 16–35, July 1992.

[4] K. Jainandunsing and E. F. Deprettere, “A new class of parallel algo-
rithm for solving systems of linear equation,”SIAM J. Sci. Stat. Comput.,
vol. 10, pp. 880–912, Sept. 1989.

[5] Y. H. Hu and H. M. Chern, “VLSI CORDIC array structure implemen-
tation of Toeplitz eigensystem solvers,” inProc. IEEE Int. Conf. Acous-
tics, Speech, Signal Processing, 1990, pp. 1575–1578.

[6] P. P. Vaidyanathan, “A unified approach to orthogonal digital filters and
wave digital filters based on the LBR two-pair extraction,”IEEE Trans.
Circuits Syst., vol. CAS-32, pp. 673–686, July 1985.

[7] A. Y. Wu, K. J. R. Liu, and A. Raghupathy, “System architecture of an
adaptive reconfigurable DSP computing engine,”IEEE Trans. Circuits
Syst. Video Technol., vol. 8, pp. 54–73, Feb. 1998.

[8] M. D. Ercegovac and T. Lang, “Redundant and on-line CORDIC: appli-
cation to matrix triangularization and SVD,”IEEE Trans. Comput., vol.
39, pp. 725–740, June 1990.

[9] A. M. Despain, “Fourier transform computers using CORDIC itera-
tions,” IEEE Trans. Comput., vol. 23, pp. 993–1001, Oct. 1974.

[10] , “Very fast Fourier transform algorithms for hardware implemen-
tation,” IEEE Trans. Comput., vol. C-28, pp. 333–341, May 1979.

[11] J. E. Volder, “The birth of CORDIC,”J. VLSI Signal Processing, vol.
25, pp. 101–105, June 2000.

[12] J. S. Walther, “The story of unified CORDIC,”J. VLSI Signal Pro-
cessing, vol. 25, pp. 107–112, June 2000.

[13] J.-H. Kwaket al., “High-speed CORDIC based on an overlapped archi-
tecture and a novel�-prediction method,”J. VLSI Signal Processing,
vol. 25, pp. 167–177, June 2000.

[14] Y. H. Hu, “The quantization effects of the CORDIC algorithm,”IEEE
Trans. Signal Processing, vol. 40, pp. 834–844, Apr. 1992.

[15] Y. H. Hu and S. Naganathan, “An angle recoding method for CORDIC
algorithm implementation,”IEEE Trans. Comput., vol. 42, pp. 99–102,
Jan. 1993.

[16] E. F. Deprettere, P. Dewilde, and R. Udo, “Pipelined CORDIC architec-
tures for fast VLSI filtering,” inProc. IEEE Int. Conf. ASSP, 1984, pp.
1–4.

[17] L. W. Chang and S. W. Lee, “Systolic arrays for the discrete Hartley
transform,” IEEE Trans. Signal Processing, vol. 29, pp. 2411–2418,
Nov. 1991.

[18] W. H. Chen, C. H. Smith, and S. C. Fralick, “A fast computational al-
gorithm for the discrete cosine transform,”IEEE Trans. Commun., vol.
COM-25, pp. 1004–1009, Sept. 1977.

[19] Y. H. Hu and S. Naganathan, “Efficient implementation of the chirp
Z-transform using a CORDIC processor,”IEEE Trans. Acoust., Speech,
Signal Processing, vol. 38, pp. 352–354, Feb. 1990.

[20] G. D. Forney, Jr., “The Viterbi algorithm,”Proc. IEEE, vol. 61, pp.
268–277, Mar. 1973.

[21] S. Lin and J. C. Daniel, Jr.,Error Control Coding. Englewood Cliffs,
NJ: Prentice-Hall, 1983.

[22] B. Sklar, Digital Communications: Fundamentals and Applica-
tions. Englewood Cliffs, NJ: Prentice-Hall, 1988.

[23] K. Hwang, Computer Arithmetic: Principles, Architecture and De-
sign. New York: Wiley, 1979.

[24] H. Samueli, “An improved search algorithm for the design of multipli-
erless FIR filters with power-of-two coefficients,”IEEE Trans. Circuits
Syst., vol. 36, pp. 1044–1047, July 1989.

[25] Y. C. Lim, R. Yang, D. Li, and J. Song, “Signed power-of-two term
allocation scheme for the design of digital filters,”IEEE Trans. Circuits
Syst. II, vol. 46, pp. 577–584, May 1999.

[26] C.-L. Chen and A. N. Willson, Jr., “A trellis search algorithm for the de-
sign of FIR filters with signed-powers-of-two coefficients,”IEEE Trans.
Circuits Syst. II, vol. 46, pp. 29–39, Jan. 1999.

[27] C. S. Wu and A. Y. Wu, “Modified vector rotational CORDIC (MVR-
CORDIC) algorithm and architecture,”IEEE Trans. Circuits Syst. II,
vol. 48, pp. 548–561, June 2001.

[28] G. L. Haviland and A. A. Tuszynski, “A CORDIC arithmetic processor
chip,” IEEE Trans. Comput., vol. C-29, pp. 68–79, Feb. 1980.

[29] H. M. Ahmed, J. M. Delosme, and M. Morf, “Highly concurrent com-
puting structures for matrix arithmetic and signal processing,”IEEE
Comput. Mag., vol. 15, pp. 65–82, Jan. 1982.

[30] J.-C. Chih and S.-G. Chen, “Fast CORDIC algorithm based on a new
recoding scheme for rotation angles and variable scale factors,”J. VLSI
Signal Processing, vol. 33, pp. 19–29, Jan. 2003.

[31] A. A. J. d. Lange and E. F. Deprettere, “Design and implementation
of a floating-point quasisystolic general purpose CORDIC rotator for
high-rate parallel data and signal processing,” inProc. IEEE Symp. Com-
puter Arithmetic, 1991, pp. 272–281.

[32] J.-A. Lee and T. Lang, “SVD by constant-factor-redundant-CORDIC,”
in Proc. IEEE Symp. Computer Arithmetic, 1991, pp. 264–271.

[33] C. Li and S. Chen, “A radix-4 redundant CORDIC algorithm with fast
on-line variable scale factor compensation,” inProc. IEEE Int. Conf.
Acoustics, Speech, Signal Processing, 1997, pp. 639–642.

[34] E. Antelo, J. Villalba, D. Bruguera, and E. Zapata, “High performance
rotation architectures based on the radix-4 CORDIC algorithm,”IEEE
Trans. Comput., vol. 46, pp. 855–870, Aug. 1997.

[35] A. P. Chandrakasan, S. Sheng, and R. W. Brodersen, “Low-power
CMOS digital design,” IEEE J. Solid-State Circuits, vol. 27, pp.
473–48, Apr. 1992.

Cheng-Shing (Benoir) Wu was born in Taiwan,
R.O.C., on November 25, 1973. He received the
M.S. and Ph.D. degrees in electrical engineering
from National Central University, Taiwan, R.O.C.,
in 1997 and 2002, respectively.

He joined the Industrial Technology Research
Institute (ITRI) in 2002, where he is presently a
Member of Technical Staff. His research interests
are in the areas of VLSI implementation of DSP
algorithms, adaptive digital filter, and modern digital
communication systems.

An-Yeu (Andy) Wu (S’91–M’96) received the B.S.
degree from National Taiwan University, Taiwan,
R.O.C., in 1987, and the M.S. and Ph.D. degrees
from the University of Maryland, College Park,
in 1992 and 1995, respectively, all in electrical
engineering.

During 1987–1989, he served as a Signal Officer
in the Army, Taipei, Taiwan, for his mandatory mil-
itary service. During 1990–1995, he was a graduate
teaching and research assistant with the Department
of Electrical Engineering and Institute for Systems

Research at the University of Maryland, College Park. From August 1995 to
July 1996, he was a Member of Technical Staff at AT&T Bell Laboratories,
Murray Hill, NJ, working on high-speed transmission IC designs. From 1996
to July 2000, he was with the Electrical Engineering Department of National
Central University, Taiwan. He is currently an Associate Professor with the
Graduate Institute of Electronics Engineering and Department of Electrical En-
gineering, National Taiwan University, Taiwan. His research interests include
low-power/high-performance VLSI architectures for DSP and communication
applications, adaptive/multirate signal processing, and reconfigurable broad-
band access systems and architectures. He is currently serving as an Associate
Editor for EURASIPJournal of Applied Signal Processing, and is a Guest Ed-
itor for a special issue on “Signal Processing for Broadband Access Systems:
Techniques and Implementations” of the same journal.

Dr. Wu has been an Associate Editor for the IEEE TRANSACTIONS ONVERY

LARGESCALE INTEGRATION(VLSI) SYSTEMSsince July, 2003. He has served on
the technical program committees of IEEE International Conference on Image
Processing (ICIP), IEEE Workshop on Signal Processing Systems (SiPS), IEEE
Asia-Pacific Conference on ASICs (AP-ASIC), IEEE International Symposium
on Circuits and Systems (ISCAS), IEEE International Symposium on Intelli-
gent Signal Processing and Communication Systems (ISPACS), IEEE Interna-
tional Conference on Multimedia and Expo (ICME), and IEEE International
SOC Conference (formerly IEEE International ASIC/SOC Conference).

Chih-Hsiu (Zhi-Xiu) Lin received the B.S. degree
in mechanical engineering in 1998 from National
Taiwan University, Taiwan, R.O.C., where he is
currently working towards the Ph.D. degree.

His research interests include the VLSI imple-
mentation of communication systems and multiuser
detection for CDMA system.


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


