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Abstract—In Tomlinson–Harashima (TH) precoding, the feed-
back filter (FBF) of a decision feedback equalizer (DFE) and the
modulo devices are implemented at the transmitter. Because the
TH precoders contain nonlinear feedback loops, it restricts their
development for high-speed applications. With very large output
levels of the modulo devices in the TH precoders, it is difficult
to apply look-ahead and precomputation techniques to pipeline
the TH precoders which are usually useful to pipeline IIR filters
and DFEs. Among existing works of high-speed TH precoder de-
signs, Gu and Parhi derived two pipelined TH precoder designs
(PIPTHP1, 2). The architectures of these two designs seem to be
very different and have their-own pros and cons. In this paper, we
propose a two-time pipelining scheme to pipeline the TH precoders,
which enables us to develop a generalized TH precoder architec-
ture. PIPTHP1 and PIPTHP2 are derived by only applying the
first-time and second-time pipelining schemes, respectively. Hence,
both the designs can be considered as two extreme cases of the pro-
posed designs. In conclusion, for a given design specification, the
proposed scheme can provide tradeoffs between hardware com-
plexity and output dynamic range, which leads to a near-optimal
solution based on these design criteria. Therefore, the proposed
scheme provides more degrees of freedom for the design trade-
offs of high-speed pipelining TH precoders with build-in arbitrary
speedup factors.

Index Terms—High speed, look-ahead, pipelining, Tomlinson-
Harashima precoding (THP).

I. INTRODUCTION

T OMLINSON-HARASHIMA PRECODING (THP)
[1]–[3] technique has found widespread use in many

applications, such as voice-band modems [4], [5], xDSL sys-
tems that use quadrature amplitude modulation (QAM) [6],
[7]. Recently, the IEEE 802.3an task force specifies low-den-
sity parity-check (LDPC) codes with THP equalization in 10
Gigabit Ethernet over copper (10 GBASE-T) [8]. By using
the THP equalization, the channel memory can be removed,
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which allows the LDPC to show its high coding gain. In the
application of 10 GBASE-T systems, the TH precoders need to
operate at a speed of 800 MHz. However, it is hard to meet the
speed requirement because the TH precoders contain modulo
devices and feedback loops. Therefore, it is challenging to
develop high-speed designs for the TH precoders.

The architecture of a TH precoder is to implement a feedback
filter (FBF) in conjunction with a modulo device which limits
the peak transmit power [7]. In a PAM- ( -level pulse ampli-
tude modulation) system, the output of a TH precoder is usually
continuous in the interval for a floating-point view
[9]. In a fixed-point implementation, the number of the output
of a TH precoder is exponential with wordlength. Since a TH
precoder contains a nonlinear device and its output level is very
large, many known techniques, such as the precomputation tech-
nique [11] and the look-ahead techniques [12]–[14], cannot be
directly applied to pipeline TH precoders.

Two new pipelined TH precoder designs (PIPTHP1, 2) were
proposed in [9] and [10]. The concept is that a TH precoder
can be viewed as an IIR filter whose input is the sum of the
original input and a finite-level compensation signal. There-
fore, some well-known pipelining techniques, such as clustered
look-ahead pipelining and scattered look-ahead pipelining, can
be used to pipeline the IIR filter [12], [13]. In PIPTHP1, if the
number of the pipelining levels becomes large, the dynamic
range of the precoder’s output will be significantly increased,
but the hardware overhead is acceptable. On the other hand, in
PIPTHP2, for large-enough pipelining levels, although the dy-
namic range of the precoder’s output keeps the same, the hard-
ware overhead is formidable and the speed is limited by the term

, where , , and denote the com-
putation time of an addition, a multiplexer and a modulo opera-
tion, respectively. The architectures of these two designs seem
to be very different and have their-own pros and cons.

In this paper, we propose a two-time pipelining scheme to
pipeline the TH precoders. Then we develop a generalized
TH precoder architecture. The first-time pipelining scheme
can effectively reduce the hardware overhead but increase the
precoder’s output dynamic range. The second-time pipelining
scheme can keep the first-time pipelined precoder’s output
dynamic range but largely increase the hardware overhead.
PIPTHP1 and PIPTHP2 are derived by only applying the
first-time and second-time pipelining schemes, respectively.
Therefore, both the designs can be viewed as one-time
pipelining scheme and be considered as two extreme cases of
the proposed designs. Besides, the proposed scheme provides
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Fig. 1. Concept of THP: (a) TH precoding and (b) its equivalent form.

more insightful information and design tradeoffs between hard-
ware overhead and output dynamic range. For a given design
specification, it can give a near-optimal solution based on some
design criteria, such as speed, hardware complexity, and output
dynamic range. Moreover, the proposed scheme leads to no
speed limitation in pipelining the TH precoders. Therefore, it
provides a more flexible way and the design tradeoffs to design
very high speed TH precoders with arbitrary speed-up factors.

The rest of this paper is organized as follows. In Section II, we
review conventional implementations of the TH precoders. Then
we present the two-time pipelining scheme, which is applied
to pipeline the TH precoders in Section III. In Section IV, we
show some design examples to illustrate our design concepts.
Theoretical analysis and performance comparison are presented
in Section V. Finally, Section VI concludes the work of this
paper.

II. CONVENTIONAL IMPLEMENTATION OF TH PRECODERS

Fig. 1(a) shows a PAM transmission using TH precoders,
where is the information bearing symbol at time instance

, is the transmitted signal, is the discrete-time
channel in -domain, is white Gaussian noise and

is the received sample. We also assume the transmitted
symbols are PAM- symbols, where the symbol set is

. The transmitted signal is
limited in the interval by using the modulo-
operation. Mathematically, the modulo- operation is equiv-
alent to the addition of the input of the modulo device and a
unique compensation signal , which is a multiple of .
Therefore, we obtain the equivalent form of the TH precoder in
Fig. 1(b). Then the transmitted signal in -domain can be
expressed as

(1)

The received signal is given by

(2)

If the PAM system is noise free, can be recovered from
by performing a modulo- operation. It is impor-

tant that the unique compensation signal only has finite
levels [9].

Fig. 2. Conventional architecture of a third-order TH precoder.

Fig. 3. TH precoder and its equivalent form: (a) TH precoder, and (b) its equiv-
alent form.

Fig. 2 shows the conventional architecture of a third-order TH
precoder. It can be easily checked that the iteration bound,
[13], of this architecture is

(3)

where , , and denote the computation time of a mul-
tiplication, a modulo operation and an addition, respectively.
For a filter with a loop, retiming approach [13] can be used
to obtain a smaller critical path. However, retiming approach
cannot shorten the iteration bound because the iteration bound
is the fundamental limit for a given architecture. However, a
TH precoder needs to be clocked at a speed of 800 MHz in
the 10 GBASE-T systems. Conventional implementations of a
TH precoder cannot meet the speed requirement. Therefore, it
is important to extend the use of the TH precoders to high-speed
applications.

III. PROPOSED GENERALIZED PIPELINED TH
PRECODER ARCHITECTURE

In this section, we employ the two-time pipelining scheme to
develop a generalized pipelined THP architecture, and show that
PIPTHP1 and PIPTHP2 can be considered as two special cases
of the proposed designs. Fig. 3(a) shows the block diagram of a
TH precoder. The discrete time channel response is given
by

(4)

where denotes the channel memory. The modulo- op-
eration is defined as the addition of the input of the modulo de-
vice and a unique compensation signal , which are mul-
tiple of . Therefore, the equivalent form of a TH precoder
is shown in the Fig. 3(b). TH precoder can be viewed as an IIR
filter, , whose input is the sum of the PAM- signal

and the compensation signal . Then, many approaches
of pipelining IIR filter can be applied here, such as the clus-
tered, the scattered, and the universal look-ahead approaches in
[12]–[14]. Here we consider the clustered look-ahead approach,
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and it is intuitive to apply other approaches to pipeline IIR fil-
ters. For the first-time pipelining, we can find an appropriate
polynomial given by

(5)

where denotes the first-time pipelining parameter. The
pipelined filter is obtained by multiplying to both
the numerator and the denominator of the IIR transfer function,

. This results in

(6)

The pipelined filter consists of two parts, an FIR filter
and an all-pole IIR filter , as depicted in Fig. 4(a).

The transfer function of can be expressed as

if

if .
(7)

The critical loop of this IIR filer contains delay ele-
ments and can be pipelined by stages. If , the
transfer function of is equal to that of . This means
that the first-time pipelined TH precoder reduces to the original
TH precoder.

By finding another appropriate polynomial , we can do
second-time pipelining to the IIR transfer function, .
The polynomial is given by

(8)

where denotes the second-time pipelining parameter.
Therefore, by multiplying both numerator and denominator of

by , another pipelined filter is derived as

(9)

where the transfer function of can be expressed as

if

if .
(10)

Fig. 4(b) shows the block diagram of two-time pipelined TH
precoder. By employing the two-time pipelining scheme, there
are delay elements in the critical loop. Therefore,
this loop can be pipelined by stages, and the sample
rate can be increased by a factor . This architecture
is not implementable because is unknown. Motivated from
[10], the design in Fig. 5(a) is obtained by redrawing the design
in Fig. 4(b). Since the input signal is unknown in Fig. 5(a),
a modulo device can be introduced in its feedforward path, as
illustrated in Fig. 5(b). Also, this modulo device can generate
the signal , the input of the filter , as shown in
Fig. 6(a).

Let us prove that the design in Fig. 6(a) still achieves the
same transceiver performance as a TH precoder. The transceiver

Fig. 4. TH precoder’s pipelined equivalent form: (a) first-time pipelining, and
(b) second-time pipelining.

Fig. 5. TH precoder’s pipelined equivalent forms. (a) Pipelined equivalent
form 1. (b) Pipelined equivalent form 2.

performance we use in this paper means the overall performance
from the input of the pipelined TH precoder in the transmitter
to the output of the modulo device in the receiver. Consider the
signal in this figure, we represent it in domain

(11)

After the modulo operation, is given by

(12)

By substituting (11) into (12) and solving for , we obtain

(13)

By employing (9) and (13), the channel input signal can be
expressed as

(14)

By substituting (6) in (14), we have

(15)
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Fig. 6. TH precoder’s pipelined architectures. (a) Pipelined architecture 1. (b)
Pipelined architecture 2. (c) Generalized pipelined architecture.

At the receiver side, the received signal is given by

(16)

From (2) and (16), it concludes that the transceiver performance
of the pipelined design in Fig. 6(a) is equivalent to the original
TH precoder.

Consider the transfer function, , in Fig. 6(a), we
rewrite it into a more comprehensive form

(17)

where is defined as

(18)

Hence, we redraw the design in Fig. 6(a) and obtain another
equivalent design in Fig. 6(b). As we can see from Fig. 6(b),
there are mainly two nonlinear feedback loops in the design.
One loop contains delay elements and a single mul-
tiplication operation. The other loop contains delay ele-
ments and a single multiplication operation. The speed of the de-
sign is limited by the loop with delay elements. Since the
signal only takes finite number of different values which
is multiple of , the pre-computation technique for quantizer
loops in [11] can be used to pre-compute all the possible out-

Fig. 7. Pipelined TH precoder architectures proposed in [10]: (a) PIPTHP1 and
(b) PIPTHP2.

puts of the FIR filter . Finally, we can obtain a general-
ized TH architecture in Fig. 6(c). In summary, the procedures for
pipelining TH precoders would progress in the following steps.

1) Replace a modulo operation of a TH precoder with a
unique compensation signal .

2) Consider first-time pipelining stages and pipeline the IIR
filter with look-ahead techniques.

3) Consider second-time pipelining stages and pipeline the
IIR filter with look-ahead techniques.

4) Reformulate the FIR filter such that the modulo op-
eration can be produced.

5) Apply the precomputation techniques to the FIR filter
and the generalized TH architecture is obtained.

Last, we want to demonstrate that PIPTHP1 and PIPTHP2
can be considered as two special cases of the generalized
pipelined designs. The proposed two-time pipelining scheme
contains first-time pipelining and second-time pipelining, and
PIPTHP1 and PIPTHP2 are defined as one-time pipelining.
Hence, PIPTHP1 is derived by only applying first-time
pipelining with as shown in Fig. 7(a) while PIPTHP2
is derived by only applying second-time pipelining with

as shown in Fig. 7(b).

IV. DESIGN EXAMPLES

In this section, we show some examples to illustrate the pro-
posed two-time pipelining scheme for pipelining TH precoders.
Let us consider the following channel:

(19)

The equivalent IIR transfer function of a TH precoder is given
by

(20)

If we want to design a four-stage clustered look-ahead TH pre-
coder, we can choose , (2, 1), (1, 2) and
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(0, 3). In order to illustrate our proposed scheme, we choose
and (1, 2) as our design examples.

A. Four-Stage Clustered Look-Ahead Pipelined TH Precoder
With

For the first-time pipelining, the pipelined IIR filter is
obtained by multiplying to
the numerator and denominator of

(21)

For the second-time pipelining, we pipeline the all pole IIR filter
. Then the pipelined IIR filter is obtained by mul-

tiplying by in the numerator and
denominator [see (22) at the bottom of the page]. Like the de-
sign procedures from Fig. 5 to Fig. 6, we can obtain a pipelined
TH precoder shown in Fig. 8(a). denotes the number of levels
of the compensation signal . The iteration bound of the
architecture is given by

(23)

where denotes the computation time of an -to-1 multi-
plexer. Assume dominates the computation time, and then
the architecture in Fig. 8(a) can achieve a speedup of 4 com-
pared to the straightforward implementation.

B. Four-Stage Clustered Look-Ahead Pipelined TH Precoder
With

For the first-time pipelining, the pipelined IIR filter is
obtained by multiplying to the numerator
and denominator of

(24)

For the second-time pipelining, we pipeline the all pole IIR filter
. Then the pipelined IIR filter is obtained by mul-

Fig. 8. Four-stage clustered look-ahead pipelined designs of a second-order
TH precoder: (a) �� �� � � ��� �� and (b) �� �� � � ��� ��.

tiplying by in the numer-
ator and denominator

(25)

Like the design procedures from Fig. 5 to Fig. 6, we can obtain
a pipelined precoder design shown in Fig. 8(b). denotes the
number of levels of the compensation signal . The iteration
bound of the architecture is given by

(26)

(22)
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TABLE I
COMPLEXITY AND ITERATION BOUND COMPARISON OF �-STAGE CLUSTERED LOOK-AHEAD PIPELINED TH PRECODERS

Assume dominates the computation time, and then the ar-
chitecture in Fig. 8(b) can achieve a speedup of 4 compared to
the straightforward implementation.

V. PERFORMANCE COMPARISONS

From our derivations, we have two design parameters. One
is , and the other is . and denote the first-time
and second-time pipelining parameters, respectively. If the total
pipelining stages are , there are many -stage pipelined TH
precoder designs meeting the requirement with the following
necessary condition:

(27)

For example, if the total pipelining stages are 5, there are five
five-stage pipelined TH precoder designs which correspond to

(4,0), (3, 1), (2, 2), (1, 3) and (0, 4). However, in
[10], only two five-stage pipelined TH precoder designs which
correspond to (4,0) and (0, 4) are proposed. There-
fore, we provide more degrees of freedom in pipelining the TH
precoders for different design requirements.

Table I shows the hardware complexity and iteration bound
for an -order TH precoder and its -stage clustered
look-ahead designs. is the wordlength of the precomputed
inputs and is the number of levels of the compensation signal

. Because of applying the one-time pipelining scheme in
[10], two -stage clustered look-ahead TH precoder designs
correspond to and . PIPTHP1
refers to while PIPTHP2 refers to

. In our work, based on the proposed
two-time pipelining scheme, PIPTHP1 and PIPTHP2 can be
considered as two extreme cases of the proposed designs.
Besides, we provide more insightful information in pipelining
the TH precoders. One unit increase in (one unit decrease
in ) will largely reduce the complexity of multiplexers but
increase the pipelined precoder’s output dynamic range. If de-
signers want to design a low cost pipelined TH precoder, larger

is a better solution. On the other hand, if designers care
about the output dynamic range, larger is a better choice.
For another viewpoint, if the pipelining stages are large, the
iteration bound of PIPTHP2 is bounded at .
By employing our proposed scheme, the iteration bound can
be reduced to . Hence, our
proposed scheme is suitable for very high speed TH precoder
designs.

In the application of 10 GBASE-T systems, we consider the
precoder coefficients with for short cables [15]. The
number of levels of the compensation signal is 5 with

, , for PAM- modulation. It is enough
to apply four-stage pipelining to the TH precoder for the speed
requirement of 10 GBASE-T systems. However, note that the
emphasis of our work is to provide more insightful information
and design tradeoffs in pipelining the TH precoders. We use a
more complicated five-stage pipelined TH precoder to exem-
plify our design concepts. Hence, we can see more clear about
the tradeoffs between hardware complexity and output dynamic
range. The complexity and iteration bound of each pipelined
design are summarized in Table II. Assuming dominates
the computation time, each pipelined design can achieve at
least a speedup of 4 compared to the conventional TH pre-
coder. It indicates that one unit increase in (one unite de-
crease in ) will linearly increase the number of multipliers
but exponentially decrease the number of 2-to-1 multiplexers.
Hence, the overall hardware overhead can be reduced as
increases. Fig. 9 shows the area and output dynamic range
of each pipelined design. We use the Synthesis result in UMC
90-nm CMOS technology. For clear comparison, we normalize
the area term so that the normalized area of
is equal to 1. In order to consider both the hardware complexity
and output dynamic range, we suggest that
is a better choice in this case. Undoubtedly, designers could
choose the best pipelined design according to their-own design
requirement.

Generally speaking, given the maximum output dynamic
range and total pipelining stages, a near-optimal solution should
be the minimum-cost pipelined design among all pipelined
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TABLE II
FIVE-STAGE CLUSTERED LOOK-AHEAD PIPELINED TH PRECODERS IN THE 10 GBASE-T APPLICATIONS

Fig. 9. Normalized area and output dynamic range comparison of conventional
TH precoder and each five-stage clustered look-ahead pipelined TH precoder.

TH precoders. We can determine by solving the
following constrained optimization problem:

(28)

subject to

(29)

where ’s are the channel coefficients. , , and
are the cost functions of multipliers, adders, and mul-

tiplexers, respectively. generates the maximum mag-
nitude of the pipelined TH precoder’s output, and is
the predefined maximum magnitude. Therefore, for a given de-
sign specification, the proposed scheme can provide a near-op-
timal solution based on predefined design criteria, such as speed,
hardware complexity, and output dynamic range.

VI. CONCLUSION

In this paper, we propose a two-time pipelining scheme
to pipeline the TH precoders. We also develop a generalized
pipelined TH precoder architecture with build-in arbitrary
speed-up factors. The proposed scheme provides more degrees

of freedom and design tradeoffs in pipelining the TH precoders
to meet different design requirements. Therefore, it can be used
for very high speed applications and applied to 10 GBASE-T
Ethernet system.
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