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Abstract—In this paper, we propose a singular value decomposi-
tion (SVD) algorithm with superlinear-convergence rate, which is
suitable for the beamforming mechanism in MIMO-OFDM chan-
nels with short coherent time, or short training sequence. The pro-
posed superlinear-convergence SVD (SL-SVD) algorithm has the
following features: 1) superlinear-convergence rate; 2) the ability
of being extended smaller numbers of transmit and receive an-
tennas; 3) being insensitive to dynamic range problems during the
iterative process in hardware implementations; and 4) low com-
putational cost. We verify the proposed design by using the VLSI
implementation with CMOS 90 nm technology. The post-layout re-
sult of the design has the feature of 0.48 core area and 18
mWpower consumption. Our design can achieve 7M channel-ma-
trices/s, and can be extended to deal with different transmit and
receive antenna sets.

Index Terms—Beamforming, multiple-input multiple-output
(MIMO)-orthogonal frequency division multiplexing (OFDM),
precoding, singular value decomposition (SVD), superlinear.

I. INTRODUCTION

T HE demand of high-throughput wireless transmissions,
such as IEEE 802.11n WLAN systems and IEEE 802.16e

WiMAX systems, continues to grow. The antenna arrays
at both transmitter and receiver construct multiple-input
multiple-output (MIMO) transceivers to enhance the data
throughput significantly. In MIMO orthogonal frequency
division multiplexing (MIMO-OFDM) wireless systems, the
data streams can be demultiplexed into several substreams
transmitted by different antennas to improve the bit-error-rate
(BER) or throughput performance of the overall communica-
tion system by utilizing the transmit diversity.
The singular value decomposition (SVD) of the channel ma-

trix in MIMO-OFDM system is proved to be able to derive the
singular vector matrix for optimum linear precoding and linear
receivers [1]. In modern MIMO-OFDM communication sys-
tems with high-throughput requirement, such as IEEE 802.11n,
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the time interval of sending the precoding matrix to the trans-
mitter is specified [2]. In the critical case, we have only 46 to
derive the precoding matrices of 128 subchannels [2]. In other
words, the time for the SVD of one complex matrix is limited to
about 400 ns. When the channels have short coherent time, the
information derived by SVD should be sent from the receiver
to the transmitter as soon as possible to keep the beamforming
performance. The decomposing time and accuracy will there-
fore greatly affect the beamforming performance.
The right singular vector matrix derived from the SVD results

of the channel matrix is the optimal precoding matrix for linear
detectors such as zero-forcing (ZF) and minimum mean square
error (MMSE) detectors [3]. There have been researches about
the SVD algorithms for MIMO-OFDM applications. Tradi-
tional power iterative algorithm [4] can also be used to solve the
SVD problem. However, it has only linear-convergence rate.
It will be much slower when the channel matrix has multiple
similar singular values. An algorithm of updating the singular
vectors of the channel matrix by periodic pre- and post-multi-
plication by Jacobi rotation matrices was proposed in [5] with
high computational cost. In [6], the authors proposed an adap-
tive SVD algorithm with practical hardware implementations
in [7] for MIMO applications without channel state infor-
mation (CSI). Nevertheless, their convergence time requires
hundreds of samples per channel matrix. The disadvantage
of long convergence time is not suitable for MIMO channels
with short coherent time or short training sequence. Another
adaptive SVD beamforming algorithm with perturbation theory
was also proposed in [8]. Nevertheless, the computational
cost is also high. The algorithm in [8] with iterative division
will apparently cause performance degradation in practical
hardware implementations with severe quantization effect.
In [9], a hardware-efficient SVD algorithm VLSI architecture

for steering matrix computation was proposed. It utilizes bidi-
agonalization, diagonalization, and Givens rotation to achieve
high processing throughput. The resulting VLSI implementa-
tions with 0.18 technology requires 3.3 to complete the
SVD of one complex matrix, which is still more than 8 times
the critical requirement (i.e., 400 ns) in IEEE 802.11n systems.
In addition, the algorithms mentioned above have only linear
convergence speeds. Hence, these algorithms may not be suit-
able for the MIMO channels with short coherent time, or short
response time requirement with the specification in the MIMO-
OFDM systems.
In this work, we propose a superlinear-convergence SVD

(SL-SVD) algorithm and architecture with four features. 1) The
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property of superlinear-convergence rate makes it at least 25
times faster than the referenced works. 2) The ability of being
extended to smaller numbers of transmit and receive antennas
without hardware overhead. 3) The proposed SL-SVD is in-
sensitive to the dynamic range problems during the iterative
process. Only 10-bit precision is required with the system
simulation in the IEEE 802.11n systems. It leads to small
area, short critical path, and over five times better normalized
area efficiency in VLSI implementations compared with re-
lated works. 4) The comparison of the computational cost in
Section IV shows the proposed SL-SVD to have at least 25%
complexity reduction compared with other algorithms of [7]
and [9]. At last, we implement the hardware of the SL-SVD
beamforming algorithm in 90 nm technology. The chip has the
feature of 0.48 core area and 18 mW power consumption.
It not only achieves 7 M channel-matrices/s, 140 ns per matrix
equivalently, which satisfies the critical specification of 400
ns per matrix in the IEEE 802.11n systems. In addition, the
proposed SL-SVD design is also able to be extended to deal
with different transmit and receive antenna sets. Besides, the
postlayout simulation is also verified by commercial electric
design automation (EDA) tools.
The paper is organized as follows. The system model is de-

scribed in Section II, and the details of the operation of the pro-
posed SL-SVD algorithm are presented in Section III. The algo-
rithm analysis is described in Section IV. The simulation, archi-
tecture design, and VLSI implementation results are presented
in Sections V, VI, and VII, respectively.

II. SYSTEM MODEL

Consider a wireless MIMO-OFDM system in a frequency
nonselective, slowly fading channel, respectively. Suppose
and antennas are used at the transmitter and receiver. The
equivalent channel model is given by

(1)

is the complex channel matrix with the th
element which is the random fading between the th receive
and th transmit antennas. is the additive noise
source and is modeled as a zero-mean, circularly symmetric,
complex Gaussian random vector with statistically independent
elements. The th element of is the symbol trans-
mitted at the th transmit antenna, and that of is the
symbol received at the th received antenna.
After deriving the CSI, we can decompose the channel matrix

in the SVD form as follows:

(2)

. . . (3)

(4)

(5)

is an unitary matrix, is an unitary matrix,
and . ’s and ’s are the corresponding left
and right singular vectors. is an matrix with only
nonnegative main diagonal entries which are the nonnegative
square roots of the eigenvalues of , and denotes the
Hermitian operation. In (2), the diagonalmatrix is unique for a
given channelmatrix while the unitarymatrices and are not
unique matrices. By substituting the SVD results for the matrix
, (1) becomes

(6)

Multiplying on both sides, (6) can be rewritten as

(7)

where , , and . Note that the
distribution of is invariant under unitary transformation. It
means that the multiplication of the AWGN by a unitary matrix
does not cause any noise enhancement. The multiantenna
channel is equivalent to independent parallel
Gaussian subchannels at most. Each subchannel has a gain,
which is the singular value of the channel matrix .

III. THE PROPOSED SL-SVD ALGORITHM

Our goal is to develop an iterative SVD algorithm with high
convergence rate with acceptable computational cost. Most it-
erative SVD algorithms try to reduce the computational cost in
each iteration, however the number of required iteration times
is enlarged. If we can greatly reduce the entire computation
time by increasing moderate computational cost in each itera-
tion, the overall computational cost which can be lowered with
even higher convergence rate. The proposed SL-SVD has the
property of superlinear-convergence rate and the detailed pro-
cedures are described in the following subsections.

A. Initial Stage and Iterative Process

To handle MIMO-OFDM channels with short coherent time
or short training sequence, we propose a superlinear-conver-
gence SVD (SL-SVD) algorithm for closed-loop beamforming.
From (2), the results of the SVD process consist of singular
values and singular vectors. The main idea of the proposed
SL-SVD algorithm is to derive the singular vectors prior to
singular values. Deriving singular vectors first has a significant
advantage that we only have to care about the direction of the
singular vector but not the norm.
In the proposed SL-SVD algorithm, we do not compute the

decomposition directly. Instead, we derive the direction of
the right singular vectors by iterative computation. The con-
vergence rate is enhanced by using the matrix multiplications
iteratively. At the same time, we apply the proposed adaptive
binary shift mechanism to prevent the growth of the dynamic
range during the iterative multiplication. Unlike the traditional
power iteration method [4], adaptive method [8] and [6], this
work provides higher convergence rate of deriving the results of
SVD, and needs only 10-bit precision for the variables during
the iterative computation in our simulations in Section V.
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To simplify the SVD problem from three unknown matrices,
, , and , to two unknown matrices, we firstly define the

initial matrix

(8)

and are the updating matrix and arbitrary non-zero
coefficients after the th iteration of the proposed algorithm for
deriving the th singular vector . The value of the maximum
iteration number, , can be defined in advance. We only have to
solve two unknown matrices, and , in (8).
By applying times self-multiplication on , we have

(9)

Then, can be rewritten as

(10)

where denotes the th iterative multiplication. The gap
between the component, , corresponding to the
greatest singular value, , is significantly amplified. In other
words, the gaps between and other components,

, corresponding to smaller singular
values, are enlarged after each iterative matrix multiplication.
The convergence rate defined in [4] is an index to evaluate the
convergence speed of the iterative approximation algorithms.
and the convergence rate of the proposed SL-SVD is propor-

tional to . That is to say, the proposed algorithm

has superlinear-convergence rate which is demonstrated in
Section IV-A. If is great enough (chosen to be 4 for 4 4
channel matrices according to the simulation in Section IV),
we can have the following approximation:

(11)

The first column vector of , says , can be normal-
ized to be such that

(12)

where is the estimated unit vector of and is the phase
difference between and .
Since the solutions of the singular vectors are not unique as

mentioned in Section II, we show a sufficient condition to check
if the derived vectors are the solutions of right singular vectors,
, corresponding to the greatest singular value of the current

matrix. With a Hermitian matrix , we say that a vector is
the singular vector corresponding to the greatest singular value,

, in if has the two properties of

(13)

(14)

Note that the coexistence of the properties of (13) and (14) is a
sufficient condition but not a necessary condition.
From (12), (13), and (14), we can derive

(15)

(16)

where which is the square of the greatest singular
value of the current matrix, .
Equations (15) and (16) show that has the same property

to fulfill the sufficient condition of (13) and (14). In other words,
any with only phase difference from can be treated as a
correct estimation of .

B. The Proposed Adaptive Binary Shift (A.B.S.) Mechanism

The column vector is normalized to obtain at
last no matter what magnitude of is. We can apply
re-scaling after each self-multiplication in (9). That is, (10) can
be modified as

(17)

where is the rescaling factor in each iteration. Considering
the cost-efficient hardware implementations, we choose to
be the power of two so that only binary shifts needed in the
rescaling operation. At the beginning of the each iteration, let
the rescaling factor, , be , (17) can be formed into

(18)

We will propose an optimal adaptive binary shift mechanism
under the situation of fixed bit number precision and no extra
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storage overhead. The optimal chosen in the th iteration of
deriving the th singular vector is adaptively set to be

(19)

where denotes the absolute value of the th entry
of the indicated matrix and each element in the matrix is de-
scribed in -bit real and imaginary parts. The entry with max-
imum absolute value is definitely located at the diagonal of
the semipositive definite matrices. Any binary shift greater or
smaller than will cause overflow or underflow problems.
In the proposed SL-SVD algorithm, we first derive the unit

singular column vectors, , of instead of finding out cor-
rect . The advantage of deriving first is that we only have
to keep the direction of the singular vectors during iterations,
which makes us be free from the problem of dynamic range
caused by the explosively growing during the iterative self-
multiplications by applying the proposed adaptive binary shift
mechanism. This property is suitable for the cost-effective hard-
ware implementations.

C. Deflation

After is found out, the correlated components of in
should be eliminated for deriving the next estimated singular
vector . The singular vectors ’s have two properties as fol-
lows:

(20)

and (21)

where is an identity matrix. By exploiting the two
properties, the deflation operation can be performed by

(22)

has no components of and after deflation operation.
Without losing generality, the deflation operation can be written
as

(23)

We can now apply the same self-multiplication process afore-
mentioned to , and is also found after normalizing one
column or row vector of . After deriving
by the same iterative process, we then only need to perform

Gram-Schmidt (GS) operation [4] to find out the last right sin-
gular vector due to the orthogonal property. It means the
iterative multiplication of deriving the last right singular vector

is not required, and it reduces the total computational cost.

D. Left Singular Vector and Singular Value Matrix Derivation

After the matrix is derived, we multiply the channel matrix
with

(24)

Equivalently, the column vectors of , can be obtained
after deriving each . The estimated singular values and left
singular vectors can be derived as

(25)

(26)

where and are the estimated matrix of singular values
and the estimated left singular vectors, respectively. By com-
puting the norm of each column in and normalizing the
column vectors, we then derive and without any iterative
multiplication.
Note that the main computations and storage needed are re-

lated to the matrix , and only small wordlength required in
the iterative multiplication due to the proposed adaptive binary
shift mechanism so as to reduce the critical path and the hard-
ware needed at the same time. The computation of and
requires no iterative process and is outside the loop, which indi-
cates we can use greater wordlength to store the values of and
for higher overall accuracy without increasing much hard-

ware overhead or lengthening the critical path.

E. Orthogonality Reconstruction (OR)

In practical hardware implementations, all the elements will
be expressed in finite precision. The orthogonal property among
singular vectors, column vectors of and , will be corrupted
and induce the interferences among transmitted substreams. We
will then propose an operation called OR to preserve the most
orthogonality. Applying SVD to the channel matrix , we can
learn that

(27)

The corruption of orthogonal property among singular vec-
tors will cause nonzero value of off-diagonal entry of diagonal
matrix . Such nonzero off-diagonal entries will cause interfer-
ence among each antenna and inaccurate singular values which
bring BER degradation. The corruption of orthogonal property
among singular vectors should be carefully handled. However,
in fixed point design, this property is corrupted by quantization
error and inaccurate deflation due to the finite precision. Espe-
cially, error propagation induced by deflation stage may cause a
fatal error to orthogonal property among singular vectors. Take
two singular vectors as an example

(28)
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Fig. 1. The flowchart of the proposed superlinear-convergence SVD algorithm.

where and are two orthogonal singular vectors. If and
have perfect orthogonal property, should be equal to zero. If

the orthogonal property of and are destroyed by quantiza-
tion error, the value of is near to the accuracy which fixed point
can represent. However, error propagation induced by deflation
stage may lead become hundreds times of system accuracy.
The destruction of orthogonal property among singular vectors
caused by quantization error may not be prevented. However,
we can use orthogonality reconstruction for fixed point opera-
tion to eliminate the destruction caused by deflation stage and
improve the performance.
For orthogonality reconstruction, first we consider the data

flow in Fig. 1. Notice that corresponding to the greatest sin-
gular value does not suffer from the errors caused by the de-
flation operation. While ’s, for all are derived, we
eliminate the inaccurate remaining part on previously derived
singular vectors by applying Gram-Schmidt process respect to

. The operation can be expressed as

(29)

(30)

(31)

After applying orthogonality reconstruction to all column vec-
tors of , the most interferences caused by inaccurate deflation
process can be avoided. In most cases

(32)

after previous coarse deflation process so that we can simplify
(31) to be

(33)

to avoid the division. This simplification will shorten the critical
path in the hardware implementations.
For the architecture of orthogonality reconstruction, the

classical Gram-Schmidt is adopted. We have notices that
modified Gram-Schmidt is numerical stable compared with
classical Gram-Schmidt before implementations. The classical
Gram-Schmidt has less latency in our hardware implementa-
tions, and there is no obvious difference for 4 4 matrices with
respect to BER performance compared with that of the ideal
floating-point SVD in Section V-C. It is still recommended
to use the modified Gram-Schmidt for handling greater sizes
of matrices to mitigate the errors induced by finite-precision
arithmetic. Take a 4 4 matrix as an example, we want to
recover the orthogonal property of the last right singular vector,
says , we can derive the orthogonality reconstructed vector

as

(34)

(35)

where is the orthogonal compensated th right singular
vector. The Gram-Schmidt can be represented by two succes-
sive matrix-vector multipliers based on (35).
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F. Algorithm Flow and the Architecture

Fig. 1 shows the flow chart of the proposed SL-SVD algo-
rithm in this paper. The detailed steps will be listed as follows,
Step 1) Given the complex channel matrix .
Step 2) Derive the updating matrix of the right singular

vector corresponding th singular value and per-
form the matrix multiplication.

Step 3) Use adaptive binary shift to approach the desired sin-
gular vector under the constraint of wordlength pre-
cision.

Step 4) Check if the set maximum iteration number (chosen
to be 4 for the worst case of 4 4matrices according
to the simulation results in Section V) is reached
or not. Go back to Step 3 if the condition is not
satisfied, or else go to Step 5.

Step 5) Perform the deflation operation.
Step 6) Check if all singular vectors are solved or not. If not,

go to Step 2, otherwise performOR operation and go
to Step 7. (For a 4 4 matrix, only 3 OR operation
is required except for the first singular vector.)

Step 7) Derive the results of , , and .

IV. ANALYSIS OF THE PROPOSED SL-SVD ALGORITHM

In this section, we will then analyze the properties of the pro-
posed SL-SVD algorithm.

A. Superlinear-Convergence Property

The speed at which a convergent sequence approaches its
limit is called the rate of convergence in numerical analysis.
Although the speed of convergence does not give any informa-
tion about the value of each term in the sequence, it implies that
fewer iterations are required to achieve the useful approxima-
tion for an iterative algorithm if the speed of convergence is
higher.
Suppose that the sequence convergence to the number
. We can evaluate the convergence speed of the sequence by

(36)

The greater indicates the higher convergence rate. Mathe-
matically speaking, the sequence has sublinear, linear, and su-
perlinear-convergence rate if , , and , respec-
tively. The terms in the convergence equation can be described
as

(37)

(38)

The total convergence equation will then be written as

(39)

where and . We can then say that the conver-
gence rate of the proposed SL-SVD algorithm is superlinear.

B. Extension to Smaller Sizes of Channel Matrices

In our proposed SL-SVD algorithm, we can handle an
complex channel matrix, . In the situation of the MIMO

channel with less transmit or receive antennas, we will then ob-
tain an channel matrix, , where and

. All we have to do is just put matrix into the
first entries of the original storage space of , and fill
all other unused entries with zero’s then the same iterative op-
erations are executed to obtain the results of SVD. Since we
have only right singular vectors to derive, we can termi-
nate the iterative process after deriving the first sin-
gular vectors and start to perform the GS operation to obtain the
remaining singular vectors and singular values. In conclusion,
the proposed SL-SVD algorithm can be easily applied to any
smaller complex channel matrices than the original target ma-
trix size with almost no hardware overhead

...
. . .

... (40)

. . .

(41)

The column number of channel matrix equals to the
number of transmit antennas and the row number equals to the
number of receive antennas. Take the specification in IEEE
802.11n standard for example, the number of transmit antennas
and receive antennas are both defined from 1 to 4. In other
words, we may have 16 different sizes of channel matrices in
IEEE 802.11n system. Design and implementations of specific
SVD engine for each size of channel matrix are hardware
inefficient. Therefore, we proposed a scheme extending to
smaller sizes of channel matrices based on our SVD algorithm.
At beginning, we separate the problem into two classifications.
One is that the channel matrix is square definite (1 1, 2 2,
3 3, and 4 4 for IEEE 802.11n standard), and the other is
that the channel matrix is nonsquare definite (1 2, 1 3, 1
4, 2 1, 2 3, 2 4, 3 1, 3 2, 3 4, 4 1, 4 2, 4
3, and 4 4 for IEEE 802.11n standard).
After zero columns and zero rows are inserted to the original

matrix, the SVD operation data flow is totally the same to the
channel matrix and no need for any extra control unit.
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We only need to change the value of ( is equal to M in this
case) in the algorithm.
For a nonsquare complex channel matrix, we take

in this case, for example

...
. . .

...

...
. . .

(42)

. . .

(43)

where and are column vectors of and , respectively.
Since in this case. Then, we define , where

...
. . .

... (44)

is smaller than the , which is the dimension of the original
target matrix size, and is also a semipositive
definite matrix. The proposed algorithm can also be applied to
find the singular vectors and corresponding singular values of
the smaller channel matrix.
The dimension of is greater than that of due to

in this case. After deriving the complete matrix ,
there will be still unresolved left singular vectors,
s, even after the operation of (22) and (24). To derive these

unresolved left singular vectors, we need only to perform GS
scheme and normalization operations.
Recalling that singular vector matrix is a unitary matrix,

the column vectors in matrix are orthonormal to each other.
Therefore, the remaining vectors can be calculated from ap-
plying GS. The remaining left singular vectors can be derived
as

(45)

u (46)

end

where is orthonormal to with , and is not parallel
to , and . For simplicity, we can define

...
...

...

(47)

The equations of (34) and (35) show the proposed SL-SVD al-
gorithm can also handle non-square channel matrices. Notice
that while is smaller than , we only need to exchange the
roles of and .
In the case of nonsquare channel matrix, we can also insert

zero column vectors and zero row vectors to the channel ma-
trix with smaller size since the generated matrix has the same
properties. The channel matrix after inserting zero vectors has
the size equal to the maximum square channel matrix case (4
4 for IEEE 802.11n standard for example). Then, we can apply
the proposed algorithm to find the desired singular vectors and
values.

C. Computational Cost

We now analyze and compare the computational cost of the
proposed SL-SVD algorithm with other referenced algorithms.
Our proposed algorithm requires a matrix to matrix multiplica-
tion in each iteration, which seems to be more complex than
other algorithms whereas it is not a fair comparison. The com-
parison would be fairer if we can compare the overall computa-
tional cost after all iterations.
Assume that the maximum iteration number needed for each

singular vector is and use one complex multiplier and adder
(CMAC) to be the basic computational cost unit. CMACs are
required for the initial stage operation. For all the iterations we
need about CMACs for the matrix mul-

tiplication of the Hermitian matrix in the main loop. In

addition, we still need and about CMACs

for deflation and GS process, respectively. At last,
CMACs, few square rooters, and dividers are required for the
derivation of and . The number of set in our algorithm
for a 4 4 channel matrix is about 4 at most, which will be
shown in Section V. We will then compare the total computa-
tional cost and show the hardware architecture here. The overall
computational cost of the proposed SL-SVD is listed in (48) and
we also compare it with the SVD algorithms in [6]–[9].
For an matrix, the overall computational cost of each

SVD algorithm is listed as follows:
Proposed SL-SVD:

(48)

SVD in [8]:

(49)

SVD in [6], [7]:

(50)

SVD in [9]:

(51)

The computational costs of each iteration in [6]–[8] are de-
rived according to the algorithm flows in their articles. Though
the adaptive SVD algorithm proposed in [6]–[8] have less cost
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TABLE I
COMPUTATIONAL COST COMPARISON OF SVD

ALGORITHMS PER CHANNEL MATRIX

in each iteration and are able to operate without CSI, the num-
bers of iteration required in [6]–[8], , and , are about
600 and 500, respectively. The SVD in [6] and [7] switches to
blind-tracking mode after the training phase and makes updates
every clock cycle for slowly fading channels. Nevertheless, it
may require the training operation frequently for fast changing
channels. On the contrary, the proposed scheme completes the
SVD with few iterations under all the channel environments.
The SVD in [9] utilized CORDIC with microrotations for

Givens rotation. We treat one complete CORDIC operation for
complex values as one CMAC, and the overall computational
cost is listed in (50). The number of iteration required in [9],

, is only about 4. Nevertheless, it requires 16-bit precision
and 9 microrotations of one complete CORDIC processing. The
requirements of longer wordlength and numbers of microrota-
tions may limit the throughput of the SVD processing. The com-
putational cost of each algorithm for decomposing one 3 3 or
4 4 channel matrix is shown in Table I. The proposed SL-SVD
has about 75% computational cost compared with the related
works.

D. Analysis of Quantization Error Effect

The proposed SL-SVD algorithm can ideally accomplish the
SVD process with infinite numerical precision and iterations
in mathematics. While in practical implementations, only fi-
nite precision can be used to represent the elements in the ma-
trices in the iterative processing of our algorithm. In reality, dif-
ferent channel noise models and algorithms of channel estima-
tion will also affect the results in various ways. It is not easy to
completely evaluate the effects to the results. However, we can
still analyze the bound of the singular value errors induced by
the quantization noises during the iterative multiplication in the
proposed SL-SVD algorithm under the assumption of perfect
channel matrix information given here.
Because of the nature of the proposed algorithm, deriving

the singular vectors prior to singular values, we will first de-
rive the error bound of the perturbation of the singular vectors.
Second, we will then show how the perturbation in singular vec-
tors affects the singular values, and also derive the error bound
of the derived singular values. We employ the index of rela-
tive singular value error (RSVE) to evaluate the performance
degradation. We will then prove that the RSVE in our proposed
SL-SVD algorithm caused by the quantization effect is theoreti-
cally bounded. In the critical case, as shown in Fig. 2, there is an
error angle between the ideal singular vector and the esti-
mated singular vector . The angular difference will cause the
resulted singular values derived at the last stage to be affected
by numerical errors.

Fig. 2. A difference angle between the ideal singular vector and the esti-
mated singular vector .

We define the channel matrix to be an complex matrix,
the energy of the maximum quantization error of each number to
be , and . We will then prove that the rel-
ative singular value error is bounded under the effect of quanti-
zation errors in practical hardware implementations. The RSVE
can be expressed as (52), And then we utilize the concept in ma-
trix perturbation theory [10] to continue the proof.

if

if .
(52)

At the end of (52), there are two cases to be concerned. We will
prove the relative error is bounded under both two cases.
Case 1)

(53)
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Case 2)

As shown in (52) and (53), the relative singular value error is
bounded by

RSVE (54)

V. SIMULATION RESULTS

In this section, we will show the simulations of convergence
rate and the BER performance in the IEEE 802.11n system. The
performance with OR mechanism, different fixed-point preci-
sion, and coherent time will also be shown.

A. Superlinear-Convergence Rate

In this section, we introduce an index, normalized mean
square error (NMSE) [8], which is defined as

(55)

where symbolizes the Frobenius norm [4] of a matrix.
In this simulation under different channel matrices, the better
SVD algorithmwith better estimation has lower NMSE. In other
words, if we have a perfect estimation of the SVD results, the
value of NMSE would be zero.
In Fig. 3, we use 4 4 complex channelmatrices and evaluate

the NMSE performance. Deriving each right singular vector,
we use different iteration number and wordlength precision for
computation. The proposed SL-SVD algorithm needs only 1–4
iterations for the performance to converge. We need about 4 it-
erations for each singular vector to converge, and the NMSE in
convergence region is as low as 48 dB with 10-bit precision.
The parallelized two-sided Jacobi SVD algorithm in [11] is also
compared in Fig. 3 due to its feature of requiring small numbers
of iteration for small matrices. The SVD algorithm in [11] can
deal with all singular values and vectors at the same time. The
equivalent iteration number required for each singular vector is
derived by scaling down the total amount of iteration required
by 4 for the 4 4 channel matrices for fairness. The operation
of one complete Jacobi rotation on both sides is treated as one
iteration, and the parallel architecture mentioned in [11] is con-
sidered. Compared to it, the proposed SL-SVD still has faster
convergence rate and better NMSE performance. In Fig. 4, we
set the channel matrices to be 3 2 asymmetric complex ma-
trices and the SL-SVD algorithm still works. The convergence
rate in these cases is even faster than that in the 4 4 cases
due to the rank deficiency, and only 1–2 iterations needed of de-
riving each right singular vector.

Fig. 3. Convergence performance of the NMSE of the proposed SL-SVD al-
gorithm with 4 4 complex channel matrices.

Fig. 4. Convergence performance of the NMSE of the proposed SL-SVD al-
gorithm with 3 2 complex channel matrices.

B. Fixed-Point Simulation

We also evaluate the performance under a practical MIMO-
OFDM application, IEEE 802.11n. The results of the proposed
SL-SVD engine applied to IEEE 802.11n standard PHY is pre-
sented in bit error rate (BER).
— Target application: IEEE 802.11n WLAN
—Beamforming technique: SVD
—AWGN, Ch. E (nLOS) channels [12], 4 spatial streams (4

4 channel matrix)
— Time invariant channel is used
— Perfect channel state information is assumed
— 4 QAM, 16 QAM, and 64 QAM is considered
—MIMO-OFDM system with 128 tones [13]
— Code rate convolutional code with constraint length 7,
generator polynomials [133 171] [13]

— Block interleaving is used
— Zero-forcing detector
In Fig. 5, BPSK-modulated signals are exploited to eval-

uate the BER performance versus different signal-to-noise
ratios (SNR) with different fixed-point precisions without any
channel coding. The channel matrices are set to be 4 4 com-
plex matrices. The unitary matrix is fed back to transmitter
for precoding and the other unitary matrix is used for post-
coding at the receiver. Different precision in Fig. 5 indicates
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Fig. 5. BER performance of the proposed SL-SVD algorithm with 6, 8, 10, and
12-bit precision with 4 4 complex channel matrices and QPSK signals.

the precision for the iterative processes and the storage of the
right singular vectors, which is the critical path of the SVD
engine. We can use more precision to calculate and store the
singular values ’s, and left singular vectors ’s, which can
be put outside the critical path, and we use 30 bits here to store
the singular values and left singular vectors.
As shown in Fig. 5, the proposed SL-SVD has no noticeable

performance degradation with 10- and 12-bit precision. In the
situation of lower SNR, the BER performances with 10 and 12
bits are almost as good as that with the floating-point precision.
Under the conditions of higher SNR, the SL-SVD algorithm
with 10-bit precision still works well.

C. Simulation of Orthogonal Reconstruction

Simulation results are shown in Fig. 6 are the performance
of the proposed SL-SVD algorithm with Viterbi decoder de-
fined in the IEEE 802.11n specification. There are four lines in-
dicating the performance of ideal floating-point SVD, floating-
point, fixed-point (10-bit precision) without OR, and fixed-point
(10-bit precision) with OR scheme of the proposed SL-SVD.
Simulation shows that the proposed SL-SVD algorithm with
floating-point has the same BER performance compare to ideal
SVD with floating-point. It also shows that with proper word-
length, 10-bit precision in this case, our SL-SVD engine without
OR scheme can work under IEEE 802.11n standard physical
layer with less than 0.2 dB performance lose at com-
pared with ideal SVD.

D. Simulation of Different Channel Coherent Time

In the following simulations, we will compare the per-
formances of different beamforming algorithms in the IEEE
802.11n system with different channels of various coherent
times. In Figs. 7 and 8 with 10 and 1 ms coherent time, we can
see that the proposed beamforming algorithm has apparently
better performance than that of the referenced algorithms.

VI. ARCHITECTURE DESIGN

The overall architecture of the hardware design is shown
in Fig. 9. It is mainly composed of four parts: 1) matrix

Fig. 6. IEEE 802.11n PHY layer BER versus SNR with 16 QAM.

Fig. 7. IEEE 802.11n PHY layer BER versus SNR with 10 ms coherent time.

Fig. 8. IEEE 802.11n PHY layer BER versus SNR with 1 ms coherent time.

array multiplication for iterative multiplication and deflation;
2) matrix-vector multiplier for orthogonal reconstruction;
3) pipelined vector normalization for deriving singular values
and vectors; and 4) specific control circuits and storages of right
singular vectors before or after OR operation. We can derive
the desired singular values, left, and right singular vectors after
the proposed iterative processing.
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Fig. 9. The architecture of the proposed SL-SVD algorithm.

In Fig. 10(a), the matrix-matrix multipliers are designed for
the matrix multiplication. The inputs are two matrices and the
output is an upper triangular matrix due to its Hermitian prop-
erty so that the iterative multiplication cost can be reduced by
half without performance degradation. For an complex
matrix, only are required in the matrix-matrix multi-
plication block. In addition to the iterative multiplication, the
deflation operation can also be executed with these multipliers.
The function of A.B.S is designed to solve the problem of the
exponentially growing values in the matrix during iterative mul-
tiplication. As shown in (19), a delicate binary shift is applied
to the whole matrix after each iteration according to the magni-
tudes of the diagonal elements. The A.B.S. block is simplified
to be multiplexers and XOR gates only.
In Fig. 10(b), the matrix-vector multipliers can be utilized

in the phase of orthogonal reconstruction by Gram-Schmidt
process and computation of . As described in (35), two
cycles are required to obtain the results of OR operation. In
Fig. 10(c), the pipelined vector normalization can be decom-
posed to be: square of the vector 2-norm, inverse square root,
square root, and vector scaling. The digit-by-digit calculation
and digit recurrence algorithm in [27] are adopted for imple-
menting the square root and inverse square root operations,
respectively. This block can be used to obtain the normalized
left and right singular vectors. The singular values can also be
derived with the square root function. The straightforward im-
plementations of inverse square root and square root functions
are applied in our design, and the equivalent gate counts are
about 9 and 0.8 k, respectively. These two function blocks are
hardware expensive and occupy about 6% area over the entire
design. Although straight implementations for inverse square
root and square root functions are employed in this work, the
CORDIC operation is feasible to mitigate the cost of the square
root function. The storages of left singular vectors before
or after OR operation is shown in Fig. 10(d). With dedicate
task arrangement, the storages of the right singular vectors
can be outputted for OR operation or computation. The

fine-tuned results of right singular vectors can also be stored
after OR operation.

VII. IMPLEMENTATION RESULTS AND COMPARISONS

The postlayout analysis of the proposed SL-SVD engine is
obtained by using Verilog HDL codes synthesized with the stan-
dard cell library of UMC 90 nm 1P9M Low-K process in a core
size 0.48 at 182–MHz operating frequency. The power
consumption is evaluated with Synopsys Prime Power in 4
4 antenna mode. Chip features are summarized in Table II. To
meet the specification of IEEE 802.11n standard, the proposed
SL-SVD engine can support 16 antenna modes.
For the application to IEEE 802.11n standard, we use the

SVD engine to serially decompose all the channel matrices all
subcarriers. Chip results show that the latency of our SL-SVD
engine for 128 subcarrier MIMO-OFDM system is about 0.3%
ofWLAN coherence time [14] to prevent time-varying channel.
For comparison, we define two indexes. First, the throughput

is defined by the number of channel matrices the SVD engine
can deal with within a second

(56)

Then, the system area efficiency is defined by

(57)
Table III shows the comparisons of the proposed SL-SVD

engine with other works. All the numerical data in Table III are
excerpted from the referenced papers or calculated according to
the given data. The work in [6] and [7] proposed an SVD engine
which does not need channel estimation for generalWLAN, and
it employees an iterative division-free Newton-Raphsonmethod
to execute the division operation. The work in [6] only supports
the 4 4 antenna mode for wireless local area network applica-
tion. In the IEEE 802.11n systems, the complex channel matrix
is given with channel estimation. Only 0.14 is required for
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Fig. 10. (a) Matrix-matrix multiplication and A.B.S. (b) Matrix-vector multiplication. (c) Pipelined vector normalization. (d) Storages of right singular vectors
before or after OR operation.

the SVD of one complex channel matrix owing to the super-
linear-convergence property of proposed SL-SVD. In succes-
sive matrix processing, the equivalent processing time required
for each matrix can even be reduced to 90 ns. The normalized
area efficiency is five times better than the referenced works due
to the properties of low computational cost and insensitivity to

the dynamic range problem. The prototype design can be also
extended to different antenna sets.
We need only few numbers of iteration to complete SVD

process due to the property of superlinear-convergence rate of
the proposed SL-SVD. The SL-SVD is division-free and only
multiplication operation is introduced in each iteration. The
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TABLE II
POSTLAYOUT ANALYSIS

TABLE III
COMPARISONS OF THE SVD ENGINES

Ref. [7] claims that it requires 30% more area to derive the complete SVD
results
Ref. [7] claims that the operating frequency can be up to 500 MHz in

simulation
Extension to Tx/Rx sets: (4 4, 4 3, 4 2, 4 1, 3 4, 3 3, 3

2, 3 1, 2 4, 2 3, 2 2, 2 1, 1 4, 1 3, 1 2, 1 1)

A.B.S. and orthogonality reconstruction (OR) are also utilized
for updating and vector correction, so that we can use only
10-bit precision in our design. That is why our design is area
and power efficient.

VIII. CONCLUSION

In this paper, we propose a superlinear-convergence rate SVD
algorithm. The algorithm can obtain the SVD results of the
complex MIMO-OFDM channel matrices about 25 times faster
than other referenced algorithms. The superlinear-convergence
speed makes this algorithm suitable for the channels with short
coherent time. Moreover, the SL-SVD engine can be extended
to decompose the or smaller channel matrices with
little hardware overhead. The total computational cost is low
owing to the superlinear-convergence rate. A hardware imple-
mentation with 90 nm technology is also presented. The chip has
the feature of 0.48 core area, 18 mW power consumption,
being able to handling 7 M-channel-matrices/s, and can be ex-
tended to deal with different transmit and receive antenna sets.
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