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The maximum likelihood sequence estimation (MLSE) is an optimal equalization method to suppress 
Inter-Symbol Interference (ISI) in communication and storage systems. The Viterbi Algorithm (VA) 
provides an exact solution of MLSE. To reduce the complexity of VA, MLSE-DFE, which combines the VA 
within a decision feedback equalizer (DFE), is widely used in practical designs; however, the computing 
complexity is still too high. In this paper, we propose the SDVA-DFE, a unified DFE combining the concept 
of sphere detector (SD) and VA. The computing complexity of the SDVA-DFE can be reduced by proposed 
double radius constraints, upper radius (UR) and lower radius (LR). By adjusting the values of the two 
radiuses, the SDVA-DFE also provides a trade-off between performance and complexity. Simulation shows 
that this method is suitable for high-order modulation and long-length channel impulse response. When 
applied to a Lorentzian channel and channels of different eigenvalue spread, the SDVA-algorithm can 
reduce the complexity by over 90% at high SNR compared with MLSE-DFE.

© 2016 Elsevier Inc. All rights reserved.
1. Introduction

The maximum likelihood sequence estimation (MLSE), implemented 
via Viterbi Algorithm (VA) [1–3], is an optimal equalization method 
to solve the ISI problem [4], as shown in Fig. 1(a). However, the 
computing complexity of VA is proportional to the size of the 
signal set and grows exponentially with the length of channel 
memories. Many researchers [5–8] have aimed at low complexity 
and high performance design compared with MLSE. Recently, Jie 
Luo [9] mixed the sphere-constrained to Viterbi algorithm for con-
volutional decoder. Vikalo, et al. [10] proposed a similar idea for ISI 
channel, which reduces the computing complexity via sphere de-
coding (SD) algorithm [11,12], as shown in Fig. 1(b). This method 
achieves optimal performance with short-length inputs, but fails in 
the case of continuous inputs. In other words, this equalizer is not 
a practical design.

In contrast, the decision feedback equalizer (DFE) provides low-
complexity approaches [13–15]. Hence, to further reduce the com-
puting complexity of VA, MLSE-DFE [16,17] combined decision-
feedback (DF) methods with Viterbi algorithm. This technique is 
also known as the decision-feedback sequence estimator (DFSE) [6]. 
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Fig. 1(c) reveals that the MLSE-DFE uses the MLSE detector in-
stead of a slicer in a normal DFE. In addition, the feedforward 
filter (FFF) is used as a whitening matched filter (WMF) [18] and 
the feedback filter (FBF) words as the decision-feedback to merge 
the data paths from VA earlier. The performance is much better 
than normal DFE, and the computing complexity of VA is signif-
icantly reduced. Hence, this structure is widely used in practical 
designs. However, the main drawback is that the complexity grows 
exponentially with the lengths of channel memories.

In addition, many researches [19–25] have demonstrated many 
complexity reduction approaches. Soft-Threshold-Based Multilayer 
Decision Feedback Equalizer (STM-DFE) [26] defines a reliable re-
gion (RR) to DFE. As shown in Fig. 1(d), when the DFE output is 
not in the reliable region, the decision is not made instantly. In-
stead, the log-likelihood ratio (LLR) is fed to FBF, and the process 
is repeated continually until the DFE output becomes reliable. As a 
result, the computing complexity is reduced, but the performance 
is sacrificed. More importantly, the reliable region is difficult to be 
designed at high-stage STM-DFE.

As discussed before, three approaches can be used to achieve 
low computing complexity: (1) removing impossible data paths 
(SD algorithm) (2) merging residual data paths (DF, DFSE or MLSE-
DFE), and (3) selecting the best reliable data paths (RR, STM-DFE). 
Table 1 summarizes the pros and cons of previous works. Also, the 
architectures of these works are different. In this paper, we pro-
pose the sphere detection-Viterbi algorithm in DFE (SDVA-DFE) that 
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Fig. 1. The methods to reduce ISI channels in communication. (a) The Viterbi 
algorithm [1]. (b) Combination of Viterbi algorithm and sphere decoding [10]. 
(c) MLSE-DFE [16,17]. (d) Reliable region technique (STM-DFE) [26].

Table 1
Comparisons of existing works.

SD DF RR Pros and Cons

Vikalo, et al. [10] Highest performance, fail with 
continuous inputs

MLSE-DFE [16,17] Better performance, higher 
complexity

STM-DFE [26] Not good performance, difficult 
high-stage extension

Proposed SDVA-DFE Adjustable performance, lower 
complexity, never fail, and 
easy high-stage extension

can unify the three approaches. Our proposed system, shown in 
Fig. 2(a), is comprised of the three techniques as follows:

1) Double radius algorithm/constraints: In Fig. 2(a), the radius con-
troller provides double radius constraints to the detector. 
These radius constraints are the upper and lower radiuses, de-
noted by dU and dL respectively. As shown in Fig. 2(b), the 
upper radius, with a function similar to the SD algorithm, re-
stricts the searching algorithm to only search the lattice points 
lying within it. On the other hand, the lower radius, similar 
to the RR technique, early terminates the searching algorithm 
when any lattice point lies within it. Hence, the proposed ra-
dius constraints aim to reduce the computing complexity by 
restricting the search region.

2) Combining double sphere constraints with Viterbi algorithm (SDVA) 
in DFE: We develop the SDVA-algorithm to achieve the maxi-
mum likelihood solution. Fig. 2(c) presents the implementation 
of SDVA detector based on the Viterbi trellis structure with 
decision-feedback, which merges the residual data paths ear-
lier. As we control the new trellis implementation via double 
sphere constraints, the proposed algorithm unifies the three 
approaches in a single structure and considerably reduces the 
searching complexity.

3) A simple operating condition of SDVA detector: We present a sim-
ple operating condition for the SDVA detector. Under this con-
dition, the SDVA-algorithm only searches the lattice points 
between the upper radius and the lower radius instead of 
the whole lattices points. Therefore, the ring region between 
the upper radius and the lower radius is defined as “radius 
margin”.

Our SDVA-DFE can unify the three features (SD, DF and RR). 
The computing complexity can be reduced by the proposed dou-
ble radius constraints, upper radius (UR) and lower radius (LR). 
Moreover, by adjusting the values of two radiuses, the SDVA-DEF 
provides a trade-off between performance and complexity. In brief, 
Fig. 2. The communication system and functional block of SDVA-DFE. (a) Discrete-
time channel model and the block diagram of the SDVA-DFE. (b) Proposed ad-
justable double radiuses in radius controller. (c) Proposed structure of the SDVA 
detector.

the characteristics of the SDVA-DFE are adjustable performance, 
low computing complexity, and easy high-stage extension.

The remainder of the paper is organized as follows. In Sec-
tion 2, we give some background knowledge about Sphere Decod-
ing, MLSE-DFE and the threshold value derived in [26]. Section 3
presents the proposed SDVA-DFE algorithm. The architecture of 
SDVA-DFE is shown in Section 4. Section 5 shows the simulation 
results and Section 6 concludes this paper.

2. Review of the background

The existing works are reviewed in this section. First, we give 
some notations and the signal model of the normal DFE, which 
are defined as follows. The communication system adopted in this 
paper is similar to that shown in Fig. 2(a).

• x(k) is the transmitted signal.
• h(n) is the equivalent discrete time channel impulse response, 

which is linear and band-limited.
• w(k) is Additive White Gaussian Noise (AWGN).
• y(n) is the channel output.
• r(n) is the output of the DFE and is expressed as:

r(n) =
Nb−1∑
m=0

bm y(n − m) −
Na∑

m=1

amx̂(n − m), (1)

where

• x̂(n) is the detected signal of xn .
• ak is the k-th tap weight of the FBF.
• bk is the (k + 1)-th tap weight of the FFF (WMF).
• Na is the tap length of the FBF.
• Nb is the tap length of the FFF (WMF).

2.1. Sphere detector [11,12]

For a MIMO system with NT transmitting antennas and NR re-
ceiving antennas, the received signal can be expressed as:

y = Hx + w, (2)

where y ∈ C NR×1 is the received signal vector, x ∈ ψNT ⊂ C NT×1

is the transmitting symbol vector, and w ∈ C NR×1 is the AWGN 
vector. The channel matrix H ∈ C NR×NT contains complex channel 
fading coefficients and is known before signal detection. Sphere 
detector (SD) can find the ML detection of x in the constellation 
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Fig. 3. The VA trellis structure of MLSE detector.

set ψNT . The SD can significantly reduce the number of candi-
date symbol vectors in the searching space compared to exhaustive 
searching algorithms.

The QR decomposition of H needs to be done, and the consid-
ered candidates need to meet the condition:

C0 ≥ ‖ỹ − Rx‖2, (3)

where C0 is the squared radius of a NR dimensional hyper-sphere, 
R ∈ C NR×NT is an upper triangular matrix, Q ∈ C NR×NR is an or-
thogonal matrix, and ỹ = QHy. Depending on the searching algo-
rithm and the channel realization, SD searches a variable number 
of nodes in the constellation tree structure.

2.2. MLSE-DFE [16,17]

To reduce the computing complexity of MLSE, the combined 
MLSE-DFE uses an MLSE detector instead of the slicer in the em-
bedded DFE, as shown in Fig. 1(c). The MLSE detector based on 
Viterbi algorithm can achieve the ML performance. The VA trellis 
structure of MLSE detector is shown in Fig. 3. The principal fac-
tor influencing the complexity of VA is the tap length of FBF. The 
reduced-state trellis can be formed by shortening the channel with 
some suitable length Nv < Na , where Nv is the new tap length in 
the MLSE detector. Hence, the output of MLSE-DFE from (1) can be 
rewritten as follows

r(n) =
Nb−1∑
m=0

bm y(n − m) −
Na∑

m=1

amx̂(n − m)

=
Nb−1∑
m=0

bm y(n − m) −
Nv∑

m=1

amx̂(n − m) −
Na∑

m=Nv+1

amx̂(n − m).

(4)

The first term of right-hand side (RHS) in (4) is the tap length of 
FFF. The second term represents the solid taps of the MLSE detec-
tor. The third term represents residual taps in DF.

The MLSE-DFE significantly improves the performance in com-
parison to the conventional DFE while its computation complexity 
can be less than that of the MLSE. Hence, this structure is widely 
used in practical designs.

2.3. STM-DFE and threshold value [26]

In most DFE designs, the decision must be made for each sym-
bol instantly and fed back to the tentative decision. If the deci-
sion is wrong, the error would be propagated through all feedback 
taps and the performance would degrade. Moreover, the successive 
symbols would make the wrong decisions due to error propaga-
tion. The main idea of STM-DFE [26] is as follows. The STM-DFE 
drives a threshold value from maximum a posteriori (MAP) de-
tector to define an unreliable region. The authors of [26] give 
the closed-form analysis of the threshold value, and the thresh-
old value at stage 1 can be approximated as:
Fig. 4. Unreliable region of the 2-stage STM-DFE.

L = a1(1 − a1), (5)

where L denotes the threshold value, and a1 denotes one tap-
weight of FBF. Fig. 4 denotes the operation of the STM-DFE in 
stage 1 at time n and in stage 2 at time n + 1.

For BPSK modulation, the transmitted data x(k) ∈ {−1, 1}, and 
the DFE output is unreliable at stage 1 as |r(n)| < L. As the DFE 
output falls in the reliable region, the detection has high probabil-
ity to detect the correct symbol. If not, the LLR is fed to stage 2, 
and this DFE needs to use another received symbol to obtain a de-
tection with higher reliability. The process is performed repeatedly 
until the DFE output becomes reliable. The STM-DFE is very suit-
able for low complexity design. Nevertheless, the drawback of this 
scheme is that the unreliable region at high stage is difficult to de-
termine, and the value of the unreliable region varies at each stage. 
In addition, its performance is much lower than that of MLSE-DFE.

3. Proposed SDVA algorithm

To derive the SDVA-algorithm, several assumptions should be 
made in this section.

• The transmitted data sequence is independent and identically 
distributed (i.i.d.).

• The output of the DFE can be formulated as r(n) ≈ x(n) + e(n), 
where e(n) is AWGN with zero mean and variance σ 2

n . This 
assumption is widely accepted in many filter designs [26–31].

• For the sake of convenient analysis, the output detected by 
DFE are assumed to be correct when we need to make the 
decisions about transmitted data.

For better explanatory effect, the decisions of the transmitted 
data from time n to time n + 4 are defined as the SDVA-DFE with 
five stages.

3.1. Detector of the SDVA-algorithm

First, we develop the SDVA detector based on Viterbi algorithm 
to achieve the ML performance. In practice, our proposed SDVA 
detector with DF is similar to MLSE-DFE. To further explore this 
case, we rewrite the output of SDVA-DFE from (4) as follows

r(n) =
Nb−1∑
m=0

bm y(n − m) −
Na∑

m=1

amx̂(n − m)

=
Nb−1∑
m=0

bm y(n − m) −
Nv∑

m=1

amx̂(n − m) −
Na∑

m=Nv+1

amx̂(n − m).

(6)

The first term of right-hand side (RHS) in (6) is the tap length of 
FFF. The second term represents the solid taps of the SDVA de-
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tector based on VA. The third term represents residual taps in DF, 
which are obtained from path histories of previous SDVA detector.

Without loss of generality, we assume Nv = 2 and 2-PAM trans-
mitted data in following discussion of the SDVA-algorithm. Fig. 2(c) 
indicates two-tap SDVA detector has four states in this scenario.

3.2. The upper criteria of the SDVA-algorithm: upper radius

As the SDVA detector starts operating, we assume the two-tap 
SDVA-DFE with five stages will detect five successive DFE outputs, 
r(n), r(n + 1), r(n + 2), r(n + 3) and r(n + 4), which will be stored 
in the path survivors. According to (6), the error models of these 
five symbols are given in (7)–(11):

e(n) =
[Nb−1∑

m=0

bm y(n − m) −
2∑

m=1

amx̂(n − m)

−
Na∑

m=3

amx̂(n − m)

]
− x̂(n)

= f (n) − x̂(n), (7)

e(n + 1) =
[Nb−1∑

m=0

bm y(n + 1 − m) −
2∑

m=2

amx̂(n − m)

−
Na∑

m=3

amx̂(n − m)

]

− a1 x̂(n) − x̂(n + 1)

= f (n + 1) − a1 x̂(n) − x̂(n + 1), (8)

e(n + 2) =
[Nb−1∑

m=0

bm y(n + 2 − m) −
Na∑

m=3

amx̂(n − m)

]

− a2 x̂(n) − a1x̂(n + 1) − x̂(n + 2)

= f (n + 2) − a2 x̂(n) − a1 x̂(n + 1) − x̂(n + 2), (9)

e(n + 3) =
[Nb−1∑

m=0

bm y(n + 3 − m) −
Na∑

m=3

amx̂(n + 1 − m)

]

− a2 x̂(n + 1) − a1 x̂(n + 2) − x̂(n + 3)

= f (n + 3) − a2 x̂(n + 1) − a1 x̂(n + 2) − x̂(n + 3), (10)

and

e(n + 4) =
[Nb−1∑

m=0

bm y(n + 4 − m) −
Na∑

m=3

amx̂(n + 3 − m)

]

− a2 x̂(n + 2) − a1 x̂(n + 3) − x̂(n + 4)

= f (n + 4) − a2 x̂(n + 2) − a1 x̂(n + 3) − x̂(n + 4). (11)

We rewrite (7)–(11) in the matrix form:⎡
⎢⎢⎢⎣

e(n + 4)

e(n + 3)

e(n + 2)

e(n + 1)

e(n)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

f (n + 4)

f (n + 3)

f (n + 2)

f (n + 1)

f (n)

⎤
⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎣

1 a1 a2 0 0
0 1 a1 a2 0
0 0 1 a1 a2
0 0 0 1 a1
0 0 0 0 1

⎤
⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣

x̂(n + 4)

x̂(n + 3)

x̂(n + 2)

x̂(n + 1)

x̂(n)

⎤
⎥⎥⎥⎦ . (12)

We found this matrix (12) can also be viewed as the form of a 
5 × 5 MIMO signal. Then we have
‖e‖2
5 = ‖f − Rx‖2

5, (13)

where ‖•‖k denotes the SDVA-DFE with k stages. Interestingly, R in 
(13) is an upper triangular matrix. We can directly combine the 
sphere detection algorithm with the DFE without performing QR 
decomposition, which always needs to be done in MIMO channel 
matrix.

Therefore, the upper criteria of the SDVA-algorithm can be ex-
pressed as

d2
U ≥ ‖f − Rx‖2

5, (14)

where dU is the upper radius of the proposed algorithm. The main 
advantage brought by the upper radius is to reduce the search 
complexity by omitting the impossible data paths.

3.3. The lower criteria of the SDVA-algorithm: lower radius

To further lower complexity of the SDVA-algorithm, we present 
how to select the best reliable data paths. First of all, we extend 
the concept of [26] to obtain the reliable radius criteria. According 
to Fig. 4, as the DFE output does not fall in the reliable region, the 
detection has a high probability to solve a wrong symbol. There-
fore, at stage 1, we transfer the slicer design of [26] from (5) to a 
new formula as∥∥e(n)

∥∥2 = ∥∥ f (n) − x̂(n)
∥∥2 ≥ (1 − L)2. (15)

Equation (15) presents the reliable criteria of SDVA-algorithm at 
stage 1. Similarly, since the errors are the additive white Gaussian 
Noise and has the same variance at each stage, the reliable criteri-
ons of the SDVA-algorithm from (8)–(11) can be expressed as∥∥ f (n + 1) − a1x̂(n) − x̂(n + 1)

∥∥2 ≥ �d2
L, (16)∥∥ f (n + 2) − a2x̂(n) − a1 x̂(n + 1) − x̂(n + 2)

∥∥2 ≥ �d2
L, (17)∥∥ f (n + 3) − a2x̂(n + 1) − a1x̂(n + 2) − x̂(n + 3)

∥∥2 ≥ �d2
L, (18)

and∥∥ f (n + 4) − a2x̂(n + 2) − a1x̂(n + 3) − x̂(n + 4)
∥∥2 ≥ �d2

L, (19)

where �d2
L is defined as the quantum radius (QR) and can be set 

by a corresponding value. Next, we rewrite (15)–(19) in the matrix 
form, which is identical to (13), and derive the lower criteria of 
the SDVA-algorithm as

‖e‖2
5 = ‖f − Rx‖2

5 ≥ (1 − L)2 + 4�d2
L = d2

L, (20)

where dL is defined as the lower radius of the proposed algorithm.
On the other hand, if ‖e‖2

5 < d2
L , it means the five detections 

have a high probability to correctly detect the ML solutions. Thus, 
the five reliable solutions can be directly determined and the SDVA 
detector would be terminated. Hence, the main advantage of the 
lower radius is not only to find the near ML solutions of x but also 
to reduce computing complexity by timely terminating the SDVA-
algorithm.

3.4. The radius margin of the SDVA-algorithm

We combine (14) and (20) to formulate the SDVA-algorithm as

d2
U ≥ ‖f − Rx‖2

5 ≥ d2
L . (21)

Equation (21) reveals that the search complexity of the proposed 
algorithm is constrained by these sphere radiuses. Fig. 5 shows the 
searching complexity flow of the lattice points is significantly re-
duced from Fig. 5(a) to Fig. 5(e). As a result, only the lattice points 
between the two sphere radiuses should be searched. Hence, we 
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Fig. 5. The SDVA-algorithm searching reduction flow of the lattice points (or states) from (a) to (e). We assume M = 2 (2-PAM), Na = 4, Nv = 2, and stage = 5. (a) The full 
searching exhaustively searches Mstage = 32 possible points. (b) The Viterbi algorithm contains MNa = 16 possible points. (c) The upper radius constrains the possible points 
whose weight are less than du . (d) The VA with decision-feedback reduces the number of the possible points to MNv = 4. (e) The lower radius finds out the ML solution if 
the weight of any point is less than dL .

Fig. 6. The proposed trellis structure in two-tap SDVA-algorithm. (a) The SDVA-algorithm in maximum likelihood tree searching. (b) Perfectly combine the SDVA-algorithm 
with SDVA detector to further reduce searching complexity. The searching complexity should be decreased by this double sphere constraints. For example, the state S0,1

violates the double sphere constraints and the subtree would be pruned by the upper radius. All of the states would survive if and only if the weight of these states 
correspond with the radius margin, d2

U ≥ ‖f − Rx‖2
k ≥ d2

L .
define the ring region inside the double radiuses as the “radius 
margin” of the SDVA-DFE.

The middle term of (21) is derived from (6) based on the trellis 
structure. In general, the trellis states of the SDVA-algorithm at 
stage k are defined as Si,k = [x1 · · · xNv −1 xNv ], with i ∈ {1, 2, · · · ,
MNv }, where M is the size of signal set and MNv is the maximum 
number of trellis states. The cost function at Si,k can be recursively 
computed as

Ck(Si.k) = min
m

Ck−1(Sm,k−1)

+
∥∥∥∥∥ f (n + k) −

Nv∑
m=0

amx̂(n + k − m)

∥∥∥∥∥
2

. (22)

The first term on RHS of (22) is the minimum cost function (MCF) of 
the prior branch states at stage k − 1. For this special case, two-tap 
SDVA-DFE at stage 5, we use the recursive features to formularize 
the cost function of S1,5 as

C5(S1,5) =
4∑

k=0

min
m

Ck(Sk,m)

=
4∑

k=0

∥∥∥∥∥ f (n + k) −
2∑

m=0

amx̂(n + k − m)

∥∥∥∥∥
2

=
4∑

k=0

∥∥e(n + k)
∥∥2 = ‖f − Rx̂‖2

5. (23)

Equation (23) demonstrates the middle term of (21) would be re-
cursively derived by the cost function. Likewise, the cost function 
of the S2,5, S3,5 and S4,5 are obtained from this flow. Accordingly, 
the weight of all of these states are constrained by the proposed 
radius margin.

More importantly, R of (23) is an upper triangular matrix and 
each state has the upper and the lower criterion. Therefore, we 
can perfectly merge the two radiuses with the SDVA detector, as 
shown in Fig. 6(a) and Fig. 6(b).
3.5. A simple operating condition of the SDVA-algorithm

In this subsection, we show the SDVA-algorithm has only one 
simple operating condition. We focus on the MCF at each stage k, 
denoted by mini Ck(Si,k). For instance, at stage 5, the process of 
the SDVA detector should be terminated when any of the following 
two situations occurs:

1) When mini C5(Si,5) violates the upper criteria, it means that 
all of these data paths have been truncated by sphere radius.

2) When mini C5(Si,5) violates the lower criteria, it means that at 
least one of these data paths is the ML solution at stage 5.

In other words, the SDVA detector stops and outputs the surviv-
ing data paths when the MCF violates the radius margin. Similarly, 
the SDVA detector starts at stage 1 when the MCF of the states is 
within the radius margin.

According to the discussions above, the simple operating condi-
tion is to monitor whether the MCF satisfies

d2
U ≥ min

i
Ck(Si,k) ≥ d2

L (24)

at stage k. Equation (24) is the main function of the radius con-
troller (Fig. 2(a)).

4. The SDVA-DFE architecture

In Section 3, an example of 2-tap SDVA-DFE with five stages 
is given. Nevertheless, the number of taps and stages can be ex-
tended. In this section, the general SDVA-algorithm and architec-
ture of the SDVA-DFE are presented.

4.1. Nv -tap SDVA-DFE with k stages

The proposed algorithm can be extended to more taps and esti-
mate sequential data output. For the general case, the signal model 
in (12) would be extended to Nv taps and k sequential outputs. 
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Fig. 7. The architecture of the 2-tap SDVA-DFE.

Fig. 8. The simple transition of three operation modes in SDVA-DFE.

Then the signal model of the Nv -tap SDVA-DFE with k stages is 
given as follows:⎡
⎢⎢⎢⎢⎢⎣

e(n + k)
...

e(n + 2)

e(n + 1)

e(n)

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

f (n + k)
...

f (n + 2)

f (n + 1)

f (n)

⎤
⎥⎥⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎢⎢⎣

1 a1 . . . aNv 0 . . . 0
. . .

. . .
...

0 . . . 1 a1 a2
0 . . . 0 1 a1
0 . . . 0 0 1

⎤
⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎣

x̂(n + k)
...

x̂(n + 2)

x̂(n + 1)

x̂(n)

⎤
⎥⎥⎥⎥⎥⎦ . (25)

In (25), a SDVA-algorithm can give an ML estimation of x̂ =
[x̂(n + k) . . . x̂(n + 1)x̂(n)]T. At the same time, this algorithm de-
creases the search complexity via the double radius constraints. 
Finally, the operation condition at stage k is as follows

d2
U ≥ min

i
Ck(Si,k) ≥ d2

L (26)

where d2
L = (1 − L)2 + (k − 1)�d2

L . Eq. (26) is the general case 
of the radius margin. If the minimum cost function at stage k is 
not within the radius margin, the SDVA-DFE will proceed to stage 
k + 1. The process is performed repeatedly until the minimum cost 
function is out of the radius margin.

4.2. Design example: the two-tap SDVA-DFE

In Fig. 7, the architecture of the two-tap SDVA-DFE is given. The 
2-tap SDVA-DFE consists of a normal slicer, a 2-tap SDVA detector, 
Fig. 9. The performances under different values of the upper radius.

and the radius controller. The first three symbol registers in the 
FBF are connected to multiplexors which select where the detected 
symbols come from. The 2-tap SDVA detector only works when 
the minimum cost function is within the radius margin (26). Fig. 8
shows the transition of three operation modes in the SDVA-DFE:

(1) Normal mode: As the MCF is out of the radius margin, the 
SDVA-DFE runs as a normal DFE. In this mode, the 2-tap SDVA 
detector is not active, and the output of a normal slicer is fed 
to the FBF. When the MFC of the lattice point is within the 
radius margin, the SDVA-DFE switches to waiting mode.

(2) Waiting mode: As the MCF is within the radius margin, the 
DFE needs the 2-tap SDVA detector to decide three symbols 
jointly. Hence, the proposed DFE has to wait for two addi-
tional symbols and the symbol ‘0’ is fed to the FBF. After that, 
the SDVA-DFE shifts to the SDVA mode. During these symbol 
intervals, once the SDVA detector violates the operation condi-
tion, the SDVA-DFE switches to normal mode. In the meantime 
the detector stops and outputs the best data paths to corre-
sponding symbol registers. The best data paths are stored in 
the state with the minimum cost function.

(3) SDVA mode: The SDVA detector has to collect three symbols 
from the state with MCF during each symbol interval. When 
the minimum cost function is still within the radius margin, 
the SDVA-DFE stays in the SDVA mode. Then the earliest symbol 
of these three symbols is output to the third symbol register 
and the first two symbol registers remain ‘0’. On the other 
hand, when the MCF is out of the radius margin, the SDVA-DFE 
switches to normal mode. Then the first three symbol registers 
are replaced by three estimated symbols.

There are three possible input types of the FBF: 1) the output 
of a normal slicer; 2) the ‘0’ symbol; 3) the output of the 2-tap 
SDVA detector.

5. Numerical analysis and simulation results

In this section, the channel model [13] we use is

h = 0.5
[
1 + cos(2π/w) 2 1 + cos(2π/w)

]
, (27)

where w = 3.3. The number of taps in FFF and FBF are 7 and 5, 
respectively. In general, the least mean square (LMS) algorithm is 
a well-known approach to obtain the filter coefficients. In our sim-
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Fig. 10. Detection analysis: (a) The performance under different values of the lower 
radius with UR = 10. (b) The ratio of the two radiuses to stop the SDVA detector 
with UR = 10, QR = 0.1.

ulation, the coefficients of FFF and FBF are trained by the LMS 
algorithm with sufficient training sequences.

For each trial, the Gaussian random noise vector and random 
input bits: x ∈ {−1, 1} with equal probability is given. First, we 
generate the different values of the upper and the lower radiuses. 
Second, the case of the ideal DFE (IDFE) that the data fed back into 
the FBF are always correct is assumed in order to measure the SNR 
degradation of DFE due to error propagation. Next, we compare the 
computing complexity and performance of SDVA-DFE with that of 
the normal DFE, IDFE, STM-DFE, and MLSE-DFE. Moreover, we also 
extend to cases of more taps and higher order modulation. Finally, 
the reduction of computing complexity is analyzed.

5.1. SER versus SNR, as UR increases

Fig. 9 shows the performance of 2-tap SDVA-DFE with QR = 0 
and varying values of UR. As the value of UR increases, the per-
formance becomes better. With a larger UR, we can observe the 
performance of SDVA-DFE approaches that of MLSE-DFF, which is 
the optimal solution of DFE with the identical taps. As UR ap-
proaches infinity, the 2-tap MLSE-DFE can be regarded as a special 
Fig. 11. Two groups of near identical performance. (a) The first group is MLSE-like 
(solid line) group. The second group is STM-like (dash line) group. (b) Computing 
complexity comparison of the STM-DFE, MLSE-DFE, and SDVA-DFE under near iden-
tical performance.

case of the 2-tap SDVA-DFE. On the other hand, the normal DFE is 
another special case of the SDVA-DFE with UR = 0 and LR = 0. In 
general, by assigning different values of UR and LR, we can adjust 
the performance of the proposed DFE between that of the normal 
DFE and MLSE-DFE.

5.2. SER versus SNR, as QR decreases

Fig. 10(a) shows the performance of the 2-tap SDVA-DFE with 
UR = 10 and the varying values of QR. As the value of QR de-
creases, the performance becomes better. Because of the smaller 
value of RR, the decided data is closer to the optimal solution. 
In addition to the values of these two radiuses, the termination 
criterion is another key factor of the SDVA detector. Fig. 10(b) 
demonstrates the stopping ratio of these two radiuses in SDVA 
detector. This result shows the upper radius has dominating per-
formance at low SNR since the average accumulation of the error 
is faster. In contrast, the lower radius shows dominating perfor-
mance at high SNR.
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Fig. 12. Near identical performance compared with higher-tap MLSE-DFE. (a) The 
performance of the SDVA-DFEs and MLSE-DFEs. (b) Average computing complexity 
of the SDVA-DFEs and MLSE-DFEs.

5.3. Adjustable performance of the SDVA-DFE

The performance of SDVA-DFE can be adjusted by the two 
radiuses. Fig. 11(a) clarifies several existing performance of DFE 
achieving near identical performances. These DFEs are separated 
into two groups. The first group is the MLSE-like (solid line) group 
consisting of one 2-tap MLSE-DFE and two 2-tap SDVA-DFEs. The 
performance of this group is close to MLSE-DFE. For the second 
group is the STM-like group consisting of one 3-layer STM-DFE and 
one 2-tap SDVA-DFE. The performance of the second group is very 
close to the performance of STM-DFE. In general, the performance 
of SDVA-DFEs can be adjusted between normal DFE and MLSE-DFE.

5.4. Complexity comparison with existing works

We compare the complexity of SDVA-DFE with the MLSE-DFE 
and STM-DFE. To make a fair comparison, we evaluate them in 
terms of the computing complexity measured in average number 
of required computing branches per stage. We note that a comput-
ing branch should compute the recursive cost function (21) once. 
For example, if the transmitted data is 2-PAM, the 2-tap SDVA de-
tector has four states at each stage and the each state has two 
Fig. 13. The ratio of average branches of Nv -tap SDVA-DFE to average branches of 
Nv -tap MLSE-DFE from Fig. 11(b). As Nv increases, the ratio decreases, especially at 
high SNR.

prior branches. As a result, the maximum number of branches is 
eight.

Fig. 11(b) shows the complexity comparison of two groups with 
near identical performances, which is depicted in Fig. 11(a). In the 
MLSE-like group, the average computing branch per stage of the 
2-tap MLSE-DFE is eight. In the MLSE-like group at SNR = 13 dB, 
the complexity of the SDVA-DFE (QR = 0.1) is only 2% of that of 
MLSE-DFE. Also, the complexity of the SDVA-DFE (QR = 0) is 37% 
of that of MLSE-DEF. Similarly, in the STM-like group at SNR =
13 dB, the complexity of SDVA-DFE is less than 20% of that of 
STM-DFE. The overall complexity of SDVA-DFE is also lower than 
that of STM-DFE.

5.5. Trade-off between performance and complexity

According to Fig. 11(a) and Fig. 11(b), SDVA-DFE significantly 
improves the performance by decreasing the value of QR at the 
cost of increasing its computing complexity. In general, a trade-off 
between performance and complexity can be performed by adjust-
ing two parameters, UR and QR.

5.6. SDVA-DFE versus MLSE-DFE, as Nv increases

The Nv -tap SDVA-DFE and Nv -tap MLSE-DFE both have the 
same Nv taps in detector. Fig. 12(a) demonstrates the performance 
of the SDVA-DFEs are near identical with the that of the corre-
sponding MLSE-DFEs; however, the computing complexity of the 
SDVA-DFEs is always lower than that of corresponding MLSE-DFEs, 
as shown in Fig. 12(b). In brief, the SDVA-DFEs have near opti-
mal performances and a lower computing complexity than that of 
MLSE-DFEs.

Generally speaking, the computing complexity of trellis-based 
DFE is measured by MNv , which is the maximal number of states. 
Fig. 13 shows that as Nv increases, the ratio of average breaches 
of SDVA-DFE to MSLE-DFE decreases. In other words, as the maxi-
mum number of states of the MLSE-DFEs increase, the complexity 
reduction of SDVA-DFEs are more significant, especially at high 
SNR. From the result of Fig. 13, the proposed SDVA-DFEs has been 
proven to be able to provide lower computing complexity under 
long length of channel impulse response and high order modula-
tion.
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Fig. 14. Comparison of SER in Lorentzian channel at user density β = 3.0 [32], which 
is commonly used in magnetic recording.

5.7. Comparison of SER in magnetic recording channel

The channel model used is a Lorentzian channel at user den-
sity β = 3.0 [32], which is commonly used in magnetic recording. 
As shown in Fig. 14, the proposed SDVA-DFE always has bet-
ter performance than conventional DFE and IDFE. Moreover, with 
QR = 0, the performance of SDVA-DFE can achieve that of the 
2-tap MLSE-DFE.

6. Conclusions

In this work, we proposed a novel and effective SDVA-DFE algo-
rithm to achieve low computing complexity. This novel DFE imple-
mentation is based on Viterbi structure with decision feedback and 
it is controlled by the upper radius and the lower radius. At the al-
gorithmic level, by setting different values of the two radiuses, we 
can adjust the performance of SDVA-DFE between that of a normal 
DFE and a MLSE-DFE. At the architectural level, the SDVA-DFE can 
be implemented easily under the radius margin. Finally, in terms of 
computing complexity, the upper radius dominates the complexity 
at low SNR; in contrast, the lower radius dominates it at high SNR. 
Moreover, the SDVA-DFE provides a trade-off between performance 
and complexity. In summary, the proposed SDVA-algorithm offers 
lower complexity than existing works. SDVA-DFE is more suitable 
for high order modulation and long response length of channel re-
sponse.
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