
Structural Scrambling of Circulant Matrices for Cost-effective
Compressive Sensing

Yu-Min Lin1
& Jie-Fang Zhang2 & Jing Geng2 & An-Yeu (Andy) Wu1

Received: 23 February 2016 /Revised: 21 July 2016 /Accepted: 28 September 2016
# Springer Science+Business Media New York 2016

Abstract Compressed sensing (CS) is a promising theory
that is able to measure signal below the Nyquist rate through
measurement matrices. Random matrices are regarded as op-
timal measurement matrices to spread out signals to a small
number of measurements. However, the randommatrices cost
too much memory space for implementation. The structured
matrices are then proposed to reduce such enormous memory
cost. Nevertheless, the recovery performance of the structured
matrices suffers from severe degradation. In this paper, we
propose sign-flipped scrambling method and extended-select
scrambling method for circulant matrices to compensate the
performance loss. The sign-flipped scrambling for circulant
matrices is able to approach recovery performance of random
matrices within defined guarantee region. On the other hand,
the extended-select scrambling together with sign-flipped
scrambling for circulant matrices is able to approximate the
overall recovery performance of the random matrices. In ad-
dition, architectures are designed to realize the proposed
scrambling methods. Compared with random matrices, pro-
posed scrambling matrices are more cost-effective for
implementation.

Keywords Compressive sensing . Measurement matrix .

Structured matrix . Random projection . Hardware
implementation

1 Introduction

Compressive sensing (CS) [1, 2] is a novel technique that has
drawn a great deal of attentions recently. CS theory states that
one can recover signals from far fewer measurements than the
Nyquist rate if the signals can be sparsely approximated in
specific domain. The regime of CS shows great enhancement
in reducing sampling rate with application to MRI [3], imag-
ing [4], and channel estimation [5].

CS theory relies foremost on the signal sparsity. For
a signal x, its sparse representation in specific domain is
formulated as

x ¼
XN
i¼1

ψi � αi ¼ Ψα; ð1Þ

where x andα areN × 1 column vectors, andΨ= [ψ1ψ2⋯ψN]
is an N ×N basis matrix. The signal x is said to be K-sparse if
onlyK out ofN coefficients ofα are nonzero. For most natural
signals, such as images or bio-signals, the signals are sparse
(K < < N).

In CS encoding, the signal x will be spread out to a smaller
number of measurements y through a linear transform Φ as

y ¼ Φx ¼ ΦΨα ¼ Θα; ð2Þ
where measurement matrixΦ is anM ×N matrix, and y is an
M × 1 vector. The element of i-th row and j-th column inΦ is
denoted as ϕi,j. How to design a stable measurement matrix is
an important issue. For successful recovery, the matrix Θ
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should satisfy the conditions of incoherence and restricted
isometry property (RIP) [2]. The randommatrices are proofed
to meet the RIP with high probability and demonstrate low
coherence value [2].

Several CS analog front-end (CS-AFE) designs [6, 7] had
been proposed to realize CS in sensors as shown in Fig. 1a.
The measurement matrix generation block is applied to output
measurement matrix in a column-by-column manner. Since
CS-AFE must store all elements of the measurement matrix,
the random matrix is infeasible due to high memory cost as
shown in Fig. 1b. To decrease memory cost, the structured
Toeplitz and circulant matrices are then proposed in [8] as
shown in Fig. 1c. The structured matrices work well for
time-sparse signals, indicating Ψ is identity matrix.
Nevertheless, the recovery performance of structured matrices
suffers from severe degradation if the basis Ψ is not an iden-
tity matrix [9].

In this paper, we aim to develop a cost-effective measure-
ment matrix generation block. The recovery performance
along with sparsity of random matrices is divided into two
regions: guarantee region and uncertain region. In the guar-
antee region, random matrix have 100 % successful recovery
rate. On the other hand, the successful recovery rate is less
than 100 % in uncertain region. We take advantages of struc-
tured circulant matrices and propose scrambling methods to
increase the randomness of the circulant matrices. The main
contributions of this paper include the following:

1) We propose a sign-flipped (SF) scrambling method to
scramble the values of traditional circulant matrices. We
discover that the randomness of the circulant matrices can

be increased by simply multiplying some columns of the
circulant matrix by -1. On the other hand, an extended-
select (ES) scrambling method is proposed to scramble
the structure of traditional circulant matrices. We propose
to form an extended circulant matrix and select N col-
umns of the extended matrix afterward to construct an
M ×N measurement matrix.

2) Two types of modified circulant matrices are proposed
based on proposed scramble methods. The recovery per-
formance of proposed sign-flipped circulant matrices (SF-
Circulant) is able to approach the performance of random
matrices within the guarantee region. The proposed
extended-select scrambling together with sign-flipped
scrambling for circulant matrices (ES-SF-Circulant) is
able to approximate the overall performance of random
matrices.

3) Cost-effective architecture designs are proposed to realize
the modified circulant matrices. Compared with
implementing random matrices with memory-based ar-
chitecture, the proposed architecture for SF-Circulant ma-
trices has 93 % lower area cost. On the other hand, the
proposed architecture for ES-SF-Circulant matrices has
43 % lower area cost than implementing random
matrices.

The rest of this paper is organized as follows. Section 2
introduces basic background of CS measurement matrices.
Section 3 presents the proposed scrambling methods.
Section 4 presents the architecture designs and VLSI im-
plementation results. Finally, we conclude this paper in
Section 5.

Figure 1 (a) Architecture of CS
analog front-end (CS-AFE). [6, 7]
(b) Illustration of a random
matrix. (c) Illustration of a
circulant matrix.
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2 Background

2.1 Fundamentals of CS

CS enables measuring signals at sub-Nyquist rate if the
signals are sparse enough. The measurement matrices Φ
will transform the N-dimensional signal x to M-dimen-
sional measurements y. The measurement matrices should
be able to allow the reconstruction of signal x through
measurements y. Since M is less than N, the reconstruc-
tion problem appears ill-conditioned. Because x is known
to be K-sparse, the problem can be solved when M > K. A
necessary and sufficient condition for stable reconstruc-
tion is [2]

1−ε≤
Θαk k22
αk k22

≤1þ ε; ð3Þ

where ε > 0 is a small constant. The restricted isometry
property (RIP) is defined as a sufficient condition that
Θ satisfies (3). The RIP can be achieved with high prob-
ability by constructing Φ as random matrix.

To reconstruct the signal, the reconstruction algorithm aims
to find the signal’s sparse coefficients from measurements y.
Orthogonal matching pursuit (OMP) algorithm [10] is one of
the prevailing reconstruction algorithms that is low-
complexity and widely used. Hence, we adopt the OMP algo-
rithm for CS reconstruction in this work.

2.2 Coherence

The Θ matrix shows low coherence when it satisfies the RIP.
Hence, the coherence is applied as a quantitative index to
evaluate the measurement matrices. The coherence of Θ is
the largest absolute inner product between any two columns
of Θ as [11]

μ Θð Þ ¼ max
1≤ i≠ j≤N

< θ
*

i; θ
*

j >

�����
�����

θ
*

i

�����
�����⋅ θ

*

j

�����
�����

; ð4Þ

where θ
*

i is the i-th column of Θ. A matrix with high coher-
ence means that at least two columns of the matrix are similar
to each other, which causes difficulties to signal reconstruc-
tion. Hence, the low-coherent Θ matrices are desired.

2.3 Random Matrices [12]

There are two types of random matrices, including Gaussian
random matrices and Bernoulli random matrices. In Gaussian

randommatricesΦGau, the entries ofΦGau are identically and
independently generated from standard normal distribution as

ϕi; j ¼
1ffiffiffiffi
N

p Fi j; Fi j i:i:d: N 0; 1ð Þ: ð5Þ

Since the Gaussian variable is invariant for any fixed or-
thogonal matrix, the distribution of ΦGau is that of Θ. In
Bernoulli random matricesΦBer, the entries ofΦBer are inde-
pendently sampled from symmetric Bernoulli distribution:

ϕi; j ¼
1ffiffiffiffi
N

p Fi j; Fi j i:i:d:
P Fi j ¼ þ1
� � ¼ 1

2

P Fi j ¼ −1
� � ¼ 1

2

8><
>: : ð6Þ

IfΦ is a Gaussian or Bernoulli randommatrix, the signal x
can be faithfully reconstructed frommeasurements ywith [12]

M ≥cε−2Klog
N
K

� �
; ð7Þ

where c is an universal constant. We construct a total of 1000
measurement matrices of dimension 128 × 512 for each type of
random matrices and calculate their coherence. The coherence
analysis is shown in Table 1. The average coherence of both
Gaussian randommatrices and Bernoulli randommatrices stays
low when basisΨ, which is 512 × 512, is either identity matrix
or inverse discrete cosine transform (IDCT) matrix.

2.4 Structured Matrices [9]

Structured matrices are then proposed to substitute random
matrices for reasons of simplicity, efficiency, and low-
memory cost. Two representative categories of structured ma-
trices are Toeplitz matrices and circulant matrices, which is
denoted asΦToe andΦCir, respectively. The illustration of the
structured matrices is shown in Fig. 2. The elements of the
structured matrices can be alternatively generated from
Gaussian ensemble or Bernoulli ensemble. Compared with
random matrix, the structured property reduces the number
of storing elements. For a measurement matrix of size
M × N, circulant and Toeplitz matrices require only N and
(N +M -1) memory spaces, respectively.

Table 1 Coherence of random matrices.

Matrix type Coherence

Avg. Var.

Gaussian matrices (Θ =ΦGau) 0.377 4.7 × 10-4

Gaussian matrices (Θ =ΦGau ×ΨIDCT) 0.377 4.2 × 10-4

Bernoulli matrices (Θ =ΦBer) 0.385 5.4 × 10-4

Bernoulli matrices (Θ =ΦBer ×ΨIDCT) 0.377 4.4 × 10-4
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IfΦ is a circulant matrix, M of the circulant matrix should
satisfy [13]

M ≥c
0
max ε−1K

3
2 ⋅log

3
2N

	 

; ε−2Klog2Nlog2K
� �n o

ð8Þ

where c’ is an universal constant. Compared with random ma-
trices, the required measurements of circulant matrices are
much higher. Hence, circulant matrices suffers performance
degradation under same amount of measurements. Since the
primary structured matrices have high coherence, the structured
matrices suffer from recovery performance degradation. To ver-
ify the increasing of coherence, we analyze a total of 1000
structured measurement matrices of dimension 128 × 512 in
Table 2. When signals are sparse in time domain, the average
coherence of Toeplitz and circulant matrices is as low as that of
random matrices. Nevertheless, the average coherence of both
types of structured matrices becomes much higher than that of
random matrices when the basis is IDCT matrix.

3 Proposed Scrambling Circulant Measurement
Matrix

3.1 Region of Interest (ROI)

We conduct an experiment on different types of matrices
to reveal the performance degradation of structured matri-
ces. The measurement matrix is set to be 128 × 512, and
the basis Ψ is a 512 × 512 IDCT matrix. Then, we modify
the sparsity level K to observe the reconstruction perfor-
mance. Since OMP reconstruction algorithm has been
widely used to reconstruct signals, we apply the OMP
algorithm in the following simulations. To evaluate the
recovery performance, we employed the normalized
root-mean-square error (NRMSE)

NRMSE≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
i¼1

x̂i−xi
	 
2

vuut
max xð Þ−min xð Þ ; ð9Þ

where xi and x̂i are ith element in signal x and reconstruct-
ed signal x̂. If the NRMSE of the trial is less than 10-3, the
trial is regarded as successful recovery. The success rate
(SR) can be formulated as

SR≡
# of Trials that NRMSE < 10−3

� �
# of Trials

: ð10Þ

The corresponding circulant matrix is generated by the
first row of the random matrix while corresponding
Toeplitz matrix is generated by the first row and first
column of the random matrix. In Fig. 3, the reconstruc-
tion performance of random matrix and structured matri-
ces with Gaussian ensemble is shown. On the other
hand, the reconstruction performance of random matrix
and structured matrices with Bernoulli ensemble is
shown in Fig. 4. We can find that the random matrix
has 100 % success rate when sparsity level is under 25,
and slowly decreases afterwards. On the other hand, the
Toeplitz and circulant matrices suffer from severe perfor-
mance degradation.

For most practical applications, CS framework has been
envisioned to be applied on the region that has 100 % success
rate. Hence, we define the region that random matrix has
100 % success rate is guarantee region. Otherwise, the region
that success rate is less than 100 % is defined as uncertain
region. In Figs. 3 and 4, the boundary between defined regions
is regarded as K = 25.

3.2 Sign-Flipped Scrambling Method

To compensate the performance degradation in the guarantee
region, we proposed the sign-flipped scrambling method to

(a)

(b)
Figure 2 Structure of (a) Toepltiz matrices, (b) circulant matrices.

Table 2 Coherence of structure matrices.

Matrix type Coherence

Avg. Var.

Gaussian Ensemble

Toeplitz matrices (Θ =ΦToe) 0.334 7.0 × 10-4

Toeplitz matrices (Θ =ΦToe ×ΨIDCT) 0.957 3.2 × 10-4

Circulant matrices (Θ =ΦCir) 0.335 7.0 × 10-4

Circulant matrices (Θ =ΦCir ×ΨIDCT) 0.965 4.6 × 10-4

Bernoulli Ensemble

Toeplitz matrices (Θ =ΦToe) 0.340 7.4 × 10-4

Toeplitz matrices (Θ =ΦToe ×ΨIDCT) 0.956 3.0 × 10-4

Circulant matrices (Θ =ΦCir) 0.339 8.0 × 10-4

Circulant matrices (Θ =ΦCir ×ΨIDCT) 0.963 4.9 × 10-4
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increase the randomness of structured circulant matrices but
keep their characteristic of low memory cost. The new mea-
surement matrix that satisfies these properties can be con-
structed by using modification matrix M to scramble the nu-
meric of original structured matrix as

Φnew ¼ ΦCirM ð11Þ

We apply the modification matrix to break the regular pat-
tern of M ×N structured circulant matrix. The modification
matrix M will multiply several columns of the traditional
circulant matrix by -1. An example of (11) is given as

a b c
e a b
d e a

d e
c d
b c

2
4

3
5

−1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −1 0
0 0 0 0 1

2
66664

3
77775 ¼

−a b c
−e a b
−d e a

−d e
−c d
−b c

2
4

3
5:

ð12Þ

It can be observed that the new measurement matrix is not
as ordered as the original one. Compared with traditional
circulant matrix, the proposed sign-flipped scrambling meth-
od could further increase the randomness with the same
amount of elements.

Figure 4 Reconstruction
performance of Bernoulli random
matrix, circulant matrix, and
Toeplitz matrix.

Figure 3 Reconstruction
performance of Gaussian random
matrix, circulant matrix, and
Toeplitz matrix.
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3.3 Operations of Sign-Flipped Scrambling

It takes non-negligible overhead tomemorize the modification
matrix. To address the issue, we proposed two types of mod-
ification matrix that have negligible overhead:

& Equal-spaced modification (ESM) matrix: The k-ordered
ESM matrix will multiply the elements of ΦCir every (k
+1) columns. Hence, only a counter is required to indicate
whether the column should be modified or not. The exam-
ple of ESM matrix is shown in Fig. 5.

& Different-spaced modification (DSM) matrix: Instead of
fixing the space between two modified columns, the space
between the modified columns will be changed in sequence
from 1 to 9 in DSM matrix. A counter with condition
checking logic is required for the DSM matrix. Although
the overhead of implementing a DSMmatrix is higher than
that of ESM matrix, the area overhead is still negligible.
Figure 6 illustrates the concept of the DSM matrix.

3.4 Extended-Select Scrambling Method

To further increase the randomness, an extended-select
scrambling method is proposed to take advantage of
memorizing more elements than conventional circulant
matrices required. We propose to generate an extended
circulant matrix ΦCir_ext , which is M × Next (Next > N),
and select N columns from the ΦCir_ext to form the M × N

measurement matrix afterward. The mathematical form of
the concept can be formulated as

ΦCir0 ¼ ΦCir extS ð13Þ

where anNext ×N selection matrix S is applied to select columns,
andΦCir0 is the new matrix. An example of (13) is given as

a b c d e f g
g a b c d e f
f g a b c d e

2
4

3
5

1 0 0 0 0
0 0 0 0 1
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0

2
666666664

3
777777775
¼

a c e
g b d
f a c

g b
f a
e g

2
4

3
5:

ð14Þ

With the design of S matrix, we can not only discard col-
umns but also scramble the structure in the order of column
sequence. It can be observed that the ΦCir0 matrix is more
complex than the primary circulant matrices.

However,Next elements should bememorized to construct the
extended circulant matrix. Although the memory cost of the
extended circulant matrices is higher than conventional circulant
matrices, the memory cost of extended circulant matrices is still
less than that of random matrices. Hence, we define the ratio as

ratio rð Þ≡ Next

M � N
ð15Þ

to indicate the ratio of storing elements between proposed ex-
tended circulant matrices and random matrices.

Figure 6 Illustration of modified
measurement matrix by DSM
matrix.

Figure 5 Illustration of modified
measurement matrix by 3-orderd
ESM matrix.
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3.5 Operations of Extended-Select Scrambling

How to design a low-cost selection matrix is an important
issue. We simply propose a hop-selection method, which
is illustrated in Fig. 7, to validate the selection. Starting
from the first column of ΦCir_ext , the hop-selection with
step size h will select a column every h-order in ΦCir_ext.
When next hop of the selection is overstepped Next, the
selection will go back to the first column. The selection
can be formulated as

i‐th column of ΦCir0

¼ mod h� i−h þ 1; Nextð Þ‐th column of ΦCir ext:

ð16Þ

To fully utilize every elements inΦCir_ext, the step size h is
set to be smallest prime value that satisfies

h� N > Next ð17Þ

Since the circulant matrix can be generated by shift register,
it takes negligible overhead to implement the hop-selection.
More details on implementation will be explained in Section 4.

3.6 Modified Circulant Matrices Based on Proposed
Scrambling Methods

Two types of modified circulant matrices are proposed based
on mentioned scramble methods to obtain satisfactory recov-
ery performance under different region of interest (ROI). The
scenarios are described as follows:

1) ROI =Guarantee Region: The SF-Circulant matrices on-
ly apply proposed sign-flipped scrambling method. The
structure of a SF-Circulant matrix is basically a circulant
matrix, but several columns of the circulant matrix will be
multiplied by -1. The proposed SF-Circulant matrices can
be formulated as

ΦSF−Cir ¼ ΦCirM ð18Þ

2) ROI =Guatantee Region + Uncertain Region: The ES-
SF-Circulant matrices apply proposed extended-select
scrambling method together with sign-flipped scrambling
method. The proposed ES-SF-Circulant matrices can be
formulated as

ΦES−SF−Cir ¼ ΦCir0M ¼ ΦCir extSM ð19Þ

3.7 Simulation Results

We conduct several experiments to analyze the performance
of proposed matrices under different sparsity-level. The input

Figure 8 Reconstruction
performance of proposed SF-
Circulant matrices with Gaussian
ensemble.

Figure 7 Illustration of hop-selection with step size h = 4.
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signal x is a randomly generated K-sparse 512 × 1 vector, the
size of measurement matrix Φ is 128 × 512, and the basis
matrixΨ is set to be 512 × 512 IDCTmatrix. The OMPmeth-
od is adopted to recover the signals. We collect 1000 signals
for each sparsity-level and calculate the success rate.

The first simulation is to analyze the performance of pro-
posed SF-Circulant matrix. The simulation results of proposed
SF-Circulant matrix with Gaussian ensemble and Bernoulli
ensemble are shown in Figs. 8 and 9, respectively. It can be
observed that the SR increases when space k increases, and it
has diminishing returns when k equals 9. Because of this, the
space between the modified columns of DSM matrix is
changed in recurring sequence from 1 to 9. The recovery per-
formance of proposed DSM-based SF-Circulant matrices is

able to approach the guarantee region of recovery of both
Gaussian and Bernoulli random matrices.

Secondly, a simulation is conducted to analyze the pro-
posed ES-SF-Circulant matrices. According to simulation re-
sults of Fig. 8, the modification matrixM of (19) is chosen to
be DSM matrix in ES-SF-Circulant matrices. The simulation
results of proposed ES-SF-Circulant matrices with Gaussian
ensemble and Bernoulli ensemble are shown in Figs. 10 and
11, respectively. The SR of an ES-SF-Circulant matrix in-
creases when ratio r increases. The ES-SF-Circulant matrix
is able to approximate not only guarantee region but also
uncertain region of recovery of corresponding randommatrix.
With the ratio r is as low as 0.10, we can save 90 % of storing
elements compared with random matrices.

Figure 10 Reconstruction
performance of proposed ES-SF-
Circulant matrices with Gaussian
ensemble.

Figure 9 Reconstruction
performance of proposed SF-
Circulant matrices with Bernoulli
ensemble.
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3.8 Coherence Analysis

The simulation results presented in Section 3.G have dem-
onstrated that the proposed scrambling methods are able
to increase the randomness. However, the mathematical
evidence should be conferred to justify the universality
of proposed methods. Therefore, the coherence of SF-
Circulant matrices and ES-SF-Circulant matrices are
calculated.

We construct a total of 1000 measurement matrices of
dimension 128 × 512 based on methodology of each type
of matrices. Then, coherence of each matrix is calculated.

The coherence comparisons under 512 × 512 IDCT basis
matrix are provided in Tables 3 and 4. All of the matrices
in Table 3 are constructed with Gaussian ensemble while
all of the matrices in Table 4 are constructed with
Bernoulli ensemble. As can be seen from Table 3, the
proposed SF-Circulant matrices with DSM have relatively
low coherence compared with primary circulant matrices.
In addition, the proposed ES-SF-Circulant matrices signif-
icantly decrease the coherence from 0.965 to 0.415 and
approach the coherence of Gaussian random matrices. The
improvement that proposed matrices have made holds for
Bernoulli ensemble.

Figure 11 Reconstruction
performance of proposed ES-SF-
Circulant matrices with Bernoulli
ensemble.

Table 3 Coherence of measurement matrices with Gaussian ensemble
under IDCT basis.

Matrix type Coherence

Avg. Var.

Random matrices

Gaussian (Θ =ΦGau ×ΨIDCT) 0.377 4.2 × 10-4

Structured matrices

Toeplitz (Θ =ΦToe ×ΨIDCT) 0.957 3.2 × 10-4

Circulant (Θ =ΦCir ×ΨIDCT) 0.965 4.6 × 10-4

SF-Circulant matrices

DSM (Θ =ΦSF−Cir ×ΨIDCT) 0.619 2.8 × 10-3

ES-SF-Circulant matrices

DSM, r = 0.03 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.494 2.0 × 10-3

DSM, r = 0.05 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.462 1.5 × 10-3

DSM, r = 0.10 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.415 8.5 × 10-3

Table 4 Coherence of measurement matrices with Bernoulli ensemble
under IDCT basis.

Matrix type Coherence

Avg. Var.

Random matrices

Bernoulli (Θ =ΦBer ×ΨIDCT) 0.377 4.4 × 10-4

Structured matrices

Toeplitz (Θ =ΦToe ×ΨIDCT) 0.956 3.0 × 10-4

Circulant (Θ =ΦCir ×ΨIDCT) 0.963 4.9 × 10-4

SF-Circulant matrices

DSM (Θ =ΦSF−Cir ×ΨIDCT) 0.615 2.5 × 10-3

ES-SF-Circulant matrices

DSM, r = 0.03 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.493 1.6 × 10-3

DSM, r = 0.05 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.461 1.5 × 10-3

DSM, r = 0.10 (Θ =ΦES− SF −Cir ×ΨIDCT) 0.416 9.6 × 10-3
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4 Architecture Designs and VLSI Implementation

4.1 Conventional Architecture Design for Random
Matrices

Hardware architecture of conventional on-line generated ran-
dom matrix from [6] is shown in Fig. 12. In the conventional
memory-based architecture, number ofMxN random elements
are initially stored in an element memory bank, and each ele-
ment is denoted asEsize bits. To output a column of the random
matrix every cycle, the depth and width of the memory bank is
set to be N and MxEsize, respectively. Hence, the whole col-
umn can be outputted in one cycle by controlling the address
that is fed to the memory bank. In this architecture, only an
element memory bank and a simple counter are required.

To implement a generation block for Gaussian randomma-
trix, the element memory bank comprises M private memo-
ries, and each private memory stores a specific row of the
measurement matrix. In this paper, we store the element of
i-th row of the measurement matrix in i-th private memory,
which is exactly implemented by a ROM. The depth of the
ROM is N, and the width of the memory is Esize.

4.2 Architecture Design for SF-Circulant Matrices

The proposed architecture for generation of SF-Circulant ma-
trices is illustrated in Fig. 13a. In circulant matrices, elements
of a column are shifted copies of the preceding column vector

with a new element on the top. Therefore, an element-shift
register array is proposed to generate circulant matrices. In
the element-shift register array, value of a register array will
shift to next register array as shown in Fig. 13b. SinceEsize bits
are required to represent an element, the number of registers in
a register array is Esize. In addition, the initial value of each
register array (RA) is shown in parentheses, that is, the first
RA is initialized as element aN in Fig. 2b, the i-th register
array, RAi, is initialized as element ai − 1 when 2 ≤ i ≤N.

As soon as elements are shifted, RA1 to RAM are coupled to
the arithmetic logic to perform proposed sign-flipped scrambling.
To multiply elements by -1, only flips operation collaborated
with an adder are required. On the other hand, the modification
matrixM is mapped into the condition check logic to control the
MUXs and decide whether to select the modified values or not.

The structure of the condition check logic is shown in
Fig. 14. In the condition check logic, a counter and several
conditional judgment circuits are applied. To implement the
ESM matrix, the counter will increase by 0 up to k, and the
modified values will be selected whenever the value of the
counter is 0. Hence, the Max_count and flip_values are set
to be k and 0, respectively, for ESM matrix. Although it is
more complicated to implement the DSM matrix, we found
that the recurring of space k in proposed DSM makes the
implementation simple. Because the proposed DSM has vary-
ing space k in recurring sequence from 1 to 9, the counter will
increment up to the sum of all possible spacing plus the num-
ber of varying space. In DSM matrix, the Max_count is set to

Figure 13 (a) Proposed architecture for on-line generated SF-Circulant matrices. (b) Structure of element-shift register array.

Figure 12 Conventional
memory-based architecture for
generating random matrices.
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be 54. On the other hand, the flip_values equals 0, 2, 5, 9, 14,
20, 27, 35, or 44.

4.3 Architecture Design for ES-SF-Circulant Matrices

The architecture design for generation of ES-SF-Circulant matri-
ces is presented in Fig. 15. The architecture is similar to the
proposed architecture for SF-Circulant matrices. In an ES-SF-
Circulant matrix, amount of Next elements should be stored to
generate corresponding M × Next extended circulant matrix.
Hence, the initial value of RA1 is initialized as element aNext ,
the i-th register array, RAi, is initialized as element ai− 1 when
2 ≤ i ≤Next.

To realize the hop-selection in proposed structural scrambling,
an h-hop element-shift register array is designed. In the h-hop
element-shift register array, value of i-th register array, RAi, will
shift to (h+ i-1)-th register array, RAh+i-1, when 1 ≤ i ≤Next − 1.
For last h register array, the value will rotate to first h register
array as shown in Fig. 15.

The elements in RA1 to RAM are computed to output a col-
umn of ES-SF-Circulant matrix. The arithmetic logic and condi-
tion check logic for the computing is the same as SF-Circulant
matrices mentioned in previous subsection.

4.4 Analysis of Memory Cost

The number of storing elements for each type of measurement
matrices is listed in Table 5. The conventional random matrices
have to store M×N elements. Due to the structure of circulant

matrices, only N elements are required to generate circulant ma-
trices. We take advantages of circulant matrices and propose SF-
Circulant matrices and ES-SF-Circulant matrices to compensate
the degradation. In SF-Circulantmatrices, the required number of
elements is the same as conventional circulant matrices. On the
other hand, the required number of elements is Next for ES-SF-
Circulant.We define the ratio in (15) to indicate the size of extend
circulant matrices. The more elements are used, the better perfor-
mance the ES-SF-Circulant can achieve.

The reduction of memory cost of proposed scrambling matri-
ces for constructing 128× 512 measurement matrices is also
listed in the table. Comparedwith randommatrices, the proposed
SF-Circulant matrices with DSM are able to save 99.8 % mem-
ory cost. The proposed ES-SF-Circulant matrices with DSM are
able to reduce 90 % memory cost when r is set to be 0.1.

4.5 Synthesis Results and Comparisons

The proposed designs are implemented in TSMC 90 nm tech-
nology by using Synopsys design compiler tool. We implement
a 128× 512Gaussian randommatrix, a 128× 512 SF-Circulant
matrix, and a 128× 512 ES-SF-Circulant matrix, respectively.
The value of Esize should be determined for implementation.

Figure 15 Proposed architecture
for on-line generated ES-SF-
Circulant matrices.

Figure 14 Structure of condition check logic.

Table 5 Memory cost of each type of measurement matrices.

Matrix type Memory cost Reduction
(M, N) = (128, 512)

Random matrices

Gaussian M ×N × aEsize –

Structured matrices

Circulant N ×Esize 99.8 %

SF-Circulant matrices

DSM N ×Esize 99.8 %

ES-SF-Circulant matrices

DSM, r = 0.03 r × M ×N × Esize 97.0 %

DSM, r = 0.05 95.0 %

DSM, r = 0.10 90.0 %

aEsize represents the number of bits used in hardware to represent an
element.
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According to analysis provided by [14], at least 6-bit elements
are needed for accurate reconstruction with application to elec-
trocardiogram (ECG) signals. Hence, the Esize is set to be 6 in
our implementations.

Table 6 shows the synthesis results of implemented mea-
surement matrix generation block for each type of matrices.
The memory-based architecture is applied to validate a
Gaussian random matrix. In the memory-based architecture,
the element memory bank comprises 128 ROMs, and size of
each ROM is (width× depth) = (6× 512). On the other hand,
512 register arrays and 6553 register arrays are applied to
realize the SF-Circulant matrix and ES-SF-Circulant matrix
with r = 0.10, respectively. The operation frequency is set to
be 100 MHz; therefore, the latency of each generation module
is 10 ns. The overall gate counts of the Gaussian random
matrix are 346.4 K, including 0.6 K gate counts for combina-
tional logic. In SF-Circulant matrix, the combinational logic
occupies 9.4 K gate counts while the sequential logic occupies
14.6K gate counts. On the other hand, the combinational logic
and sequential gate counts of ES-SF-Circulant matrix are
9.4 K and 187.1 K, respectively. The area saving ratio of the
proposed SF-Circulant architecture is 93 %, whereas that of
ES-SF-Circulant is 43 %. Since more elements are stored, the
ratio of ES-SF-Circulant matrix is lower than the ratio of the
SF-Circulant matrix.

5 Conclusions

We developed two types of cost-effective measurement matri-
ces for compressive sensing. The proposed SF-Circulant ma-
trices can approach the same success rate of random matrices
within defined guarantee region. The proposed ES-SF-
Circulant matrices are able to approximate the performance of
random matrices. In addition, cost-effective architecture designs
are proposed to realize modified circulant matrices. According to
the implementation results, the generation of SF-Circulant matri-
ces and ES-SF-Circulant matrices achieve 93 % and 43 % lower
area cost, respectively, compared with generating random matri-
ces with conventional memory-based architecture.
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